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PREFACE. 



r I iHE present work on Analytic Geometry is designed as 
-■- a text-book for Colleges and Scientific Schools. The 
object has been to exhibit the subject in a clear and sim- 
ple manner, especially for the use of beginners, and at the 
same time to include all that students usually require in the 
regular undergraduate course. 

The aim has been to make every principle clear, so as to 
be easily understood by students of average ability ; for I 
venture to thmk that there is nothing in the subject that 
lies beyond the reach of good common minds. 

It has been the intention to furnish a useful text-book ; 
clear and concise demonstrations have been sought and 
freely taken from aU available sources. Wherever ifc has 
been possible to simplify a line of proof as indicated by the 
leading writers, so as to adapt it to the use of beginners, it 
has been done; but no attempt has been made to depart 
from clear and satisfactory methods adopted by others, 
merely for the purpose of seeming to be original. 

It is thought that among the merits of this book are the 
presentation of the symmetrical and normal forms of the 
equations of the right line and of the plane, the equations 
of the ellipsoid and of the plane tangent to the ellipsoid, and 
the formulae for the distances of a point from a line and 
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from a plane. These equations and formulae are not nsually 
given in our American elementary text-books ; and yet they 
are so important in their applications, they enable us to 
abridge and to simplify the solution of examples to so great 
an extent, that they should always be taught, even though 
considerable else may have to be omitted. 

To make the student familiar with the principles of the 
subject, a large number of examples is given at the ends of 
the chapters, with hints for the solution of the more diffi- 
cult ones. 

In preparing this book, I have consulted freely what works 
were available to me. Credit could not be given in every 
case, even if in an elementary text-book it were desirable to 
do so. In the geometry of two dimensions I am indebted 
chiefly to the excellent works of Salmon, O'Brien, Tod- 
hunter, Puckle, and Howison. In the geometry of three 
dimensions, my chief indebtedness is to Gregory's Solid 
Geometry and Salmon's Analytic Geometry of Three Di- 
mensions, while the works of Howison, Church, and Davies 
have been consulted with advantage. For the Chordel I am 
indebted to Mr. J. Bruen Miller, of the Class of '79 of this 
College. 

I have to thank my friend and former pupil, Mr. B. W. 
Prentiss, B. S., of the class of '78, now a Fellow in Mathe- 
matics at the Johns Hopkins University, for his kind aid in 

reading the MS., and for valuable suggestions. 

E. A. B. 

Rutgers College, ) 

New Brunswick, N. J., Jan. 1880. f 
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CHAPTER I. 

THE POINT. 

1. AnaljTtic Geometry is that branch of Mathematics 
in which the magnitudes considered are represented by let- 
ters, and the properties and relations of these magnitudes 
are investigated by the aid of Algebraic Analysis. 

2. All the points of the magnitudes to be considered are 
referred to fixed objects, by means of elements called co- 
ordinates, and hence this method is sometimes known as 
Co-ordinate Geometry. It was introduced by Descartes 
in 1637, and hence is also called the Cartesian System. 



3. Analytic Geometry is divided into two parts: 
lytic Geometry of two Dimensions, which treats of 
lines lying wholly in a single plane, and requires but two 
co-ordinates to determine the position of a point; and 
Analytic Geometry of three Dimensions, which treats 
of lines and surfaces lying in any manner in space, and 
requires three co-ordinates to determine the position of a 
point. 

4. There are two systems of co-ordinates in common use 
for determining the position of a point in a plane. The 
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first is by means of its distances from any two given right 
lines of the plane which intersect each other. The second 
is by means of its distance and direction from a given 
point in the plane. The first is called the RectUinear 
System, and the second is called the Polar System. 

5. Let us suppose that we have given the position of 
two fixed right lines XX', YY', intersecting in the point 0, 
and let the plane of the two lines 

be represented by the suiface of 

the paper. Now, if through any 

point P we draw PM parallel to 

OY, and PN parallel to OX, it is 

plain that the position of P is 

known if the lengths of PM and 

PN are known. For example, if 

we have given PN" = a, PM = J, 

we can determine the position of the point P with regard 

to the lines OX and OY: we need only measure OM (= «) 

along OX, and ON (= ^) along OY, and draw the parallels 

PM, PN : P will be the point whose position we wished to 

determine. 

6. The line PM, or its equal ON, is usually denoted by 
the letter y, and is called the Ordinate of the point P. 
OM, or its equal NP, is denoted by the letter x, and is 
called the Abscissa of the same point ; and the two lines, 
when spoken of together, are called the Co-ordinates of P. 

The lines XX' and YY' are called the Axes of Co- 
ordinates, or the Co-ordinate Axes, and the point in 
which they intersect is called the Origin. The line XX' 
is called the Axis of Abscissas, or the Axis of x. It 
may have any direction, but it is usually assumed to be hori- 
zontal. The line YY' is called the Axis of Ordinates, 
or the Axis of y. The axes are said to be rectangular 
or oblique, according as the angle at which they intersect is 
a right or an oblique angle. The rectangular axes are the 
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most simple, and, in this work, will always be employed, 
unless otherwise specified. 

The abscissa of any point is its distance from the aads of 
ordinatesy measured on a line parallel to tfie axis of abscissas. 

I7ie ordinate of any point is its distance from the axis 
of abscissas, measured on a line parallel to the axis of 
ordinates. 

The point P is said to be determined when the values of 
its co-ordinates, x and y, are given, as by the two equations 
a; = «, y^b. For example, if we have given that x = 6 feet, 
y = 3 feet, we shall determine the position of the point of 
which X and y are the co-ordinates, by measuring, from the 
origin 0, on the axis of x, a distance OM equal to 5 feet; 
then through M draw a line parallel to the axis of y, and on 
this line measure a distance MP equal to 3 feet. P will be 
the position of the point required. 

Hence, in order to determine the position of a point, it is 
sufficient to have the two equations, x= a, y =zb,m which 
a and b are given. These equations are the analytic repre- 
sentatives of the point, and are called the Equations of a 
Point. 

It will easily be seen that the equations of the point M, in 
the preceding figure, are x=z a, y = 0; that those of the 
point N are a: = 0, y = ^ ; and of the origin itself are 
ar = 0, y = 0. The point whose position is defined by the 
equations x = a, y =^h is commonly spoken of as the 
point (a, b). 

7. In order that the equations a; = a, y'=b, should be 
satisfied by only one point, it is necessary to pay attention, 
not only to the absolute values of the co-ordinates, but also 
to the signs of these quantities. 

If no attention were given to the signs of the co-ordinates, 
we might measure OM = a, and ON = b (Fig. 2), on either 
side of the origin, and any of the four points, P, P', P", V"y 
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would satisfy the equations x=^a^y =:h. This ambiguity, 
however, may be avoided by distinguishing algebraically be- 
tween the lines OM and OM', by 
giving them different signs. If lines ^/ 

measured in one direction be con- ^f n/ iP 

sidered as positive, lines measured / / / 

in the opposite direction must be / <V J mI 
considered negative. It is, of course, / / / 

arbitrary in which direction we / / / 

measure positive lines; but it is ^1 _w. 1^ 

customary to regard OM measured jy 

towards the right, and ON meas- ^'*' ^' 

ured upwards, as positive; and hence, OM' and ON', 
measured in the opposite directions, must be considered 
negative, as in Trigonometry. 

The four angles into which the plane is divided by the 
axes are distinguished thus : The angle YOX is called the 
First Angle; YOX', the Second Angle; YOX', the 
Third Angle ; and YOX the Fourth Angle. If P, P', 
P", P'" be points situated in the four angles, they will be 
represented by the following equations : 



j x = a, 



y = o. . \ y=—b. 



\ y = b. I y= — J. 

Or, by (a, J), (—a, b), {—a, —b), {a, —b) respectively. 

8. To determine a point whose co-ordinates are 
given. 

Lay off from the origin, on the axis of x^ a distance equal 
to the given abscissa, to the right if the abscissa is +, and 
to the left if it is — . Through the point thus found, draw 
a line parallel to the axis of y, and lay off on it a distance 
from the axis of x equal to the given ordinate, above if the 
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ordinate is +, and below if it is — . The point thus found 
will be the position of the point required. 



tb 



Fis, 3. 



EXAMPLES. 

1. Find the point whose co-ordinates 
axe (4, 3). 

Draw the axes XX' and YY'. Lay 
off OA* to the right of the origin, equal 
to 4 units of a given scale; draw AB x^ 
parallel to YY', and lay off AP upward 
and equal to 3 units of the same scale. 
P is the point required. 

2. Find the points whose co-ordi- 
nates are (— 2, -^ 3), (4, — 3), (— 5, 0), (— 8, 5), (11, 3). 

3. Construct the triangle whose vertices are (0, 0), 
(2, - 3), (- 1, 0). 

4. Construct the figure whose vertices are (2, 9), 
(-8,9), (-8,1), (2,1). 

9. To find a formula for the distance between two 
points whose co-ordinates are known. 

1st. With regard to rectangular 
aaces. Let P and Q be tlie two 
points, x', \f the co-ordinates of P, - 
a;", y" the co-ordinates of Q, and 
the distance PQ be represented by d, ^„^ 
Then, from Geometry, we have. 



^2 



2 



PQ" = QR' + PE^ 




Fifft 4>t 



or 



but 
Hence, 



PQ =>|/PR^ + QR^; 
PE = y' — y'\ and 



QR = ir' — «". 



d = V{x - xy + (y' - yy. 



(1) 
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2d. With regard to oblique axes. 
Let w represent the angle YOX, and 
the points P and Q be represented 
as before. Prom Trigonometry we 
have, 



PQ' = PR>QE2-2QR.PRcosQRP, ^j 




Fifft 5. 



Or, PQ = |/prV QR^ - 2PR. QR cos QRP. 

But PQ = d?; QR = a;'-.a;"; 

PR = y - y''; QRP = TT - 6). 

Hence, 

d = VW^^y + (y'-yy + 2 {x'^x") {y'-y'f^^^. (2) 

CoE. — If the axes are rectangular, w == 90°, and hence 
cos 6) = 0. Hence, 

d = V{x' - a;")2 + (y' - y% 
which is the same as (1), as it ought to be. 

If one of the points, as Q, were the origin, so that x" = 0, 
y" = 0, we would have, from (1), 

d = Vx'^ 4- y^, 
and from (2), d = Vx'^ + y'^ + %xly' cos w. 

10. In using these formulae, attention must be given to 
the signs of the co-ordinates. If the point Q, for instance, 
be in the angle XOY-, the sign of its ordinate y' will be 
negative, and the line PR will be the sum and not the 
difference of y' and y" ; and we must write y' + y" instead 
of y' — y" in the formulae. 
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EXAMPLES. 

1. Find the distance from the point (—8, — 2) to the 
point (3, 7). 

Ans. d =t V(3 + 8)2+(7 + 2)2 = \/121 + 81 = 14.21. 

2. Find the distance between the two points (2, — 3) 
and ( — 5, 6), the axes being inclined at an angle of 60°. 

Here a;' — a;" = 2 + 5 = 7 ; j^' — y" = — 3 — G = — 9; 
and cos w == ^. Hence, in (2) we get 

d = V49 + 81— 2.7-9 i = a/49 + 81—63 = VW. 

3. Find the lengths of the sides of a triangle, the co-ordi- 
nates of whose vertices are (2, 3), (4, — 5), (— 3, — 6). 

Ans. V68, V50, Vi06. 

4. Find the lengths of the sides of a triangle, the co-ordi- 
nates of whose vertices are the same as in the last example, 
the axes being inclined at an angle of 60°. 

Ans. \/52, ^57, VlsT. 

5. Find the lengths of the three sides of the triangle 
whose vertices are (2, 5), (— 4, 1), (—2, — 6). 

Ans. \/52, V53, Vl37. 

6. Express algebraically that the distance of the point 
(ar, y) from the point (2, 3) is equal to 4. 

Ans. Vix — 2)2 4- (y — 3)2 = 4. 

7. Express algebraically that the point (x, y) is equidis- 
tant from the points (2, 3) and (4, 5). 

Ans. (a;-2)2+(y_3)2 = (a;-4)2+(y-6)2, 

or X -\- y z= 7. 

8. Find the point equidistant from the points (2, 3), 
(4, 5), (6, 1). 

Here we have two equations, formed as in Ex. 7, to 
determine the two unknown quantities. 

Ans. x = ~-, y = 7z, and the common distance is — ;r— 
0*^0 3 
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11. .2b find the cthordinates of the point which di- 
vides in a given ratio, m : n, the right line joining 
two given points, (x% y') and {pc'\ y"). 

Let P and Q be the two given Vy^ 

points, (x\ y') and {x'\ y"), and R 'y^ 

the required point, whose eo-ordi- / Xp 

nates we denote by x and y. Then / II^ 

we have, y*J / / / xt « 



PR : RQ :: m : n. 



Wig. 6, 



Draw the ordinates PM, RL, QN, ' 
and the line PEP parallel to OX ; then we have. 



or. 



hence, 



PB 
EQ 


PE ML m 
EF LN « ' 




m X — X 




n X — x"^ 




mx" + nx' 
X — ^ 


ive. 


_ my" + ny' 
^ m + n 



Similarly we have, 

If the line were to be cut externally in the given ratio, 
we should have, 



m : n :: x — x' : a? — a?". 



and therefore, 



mx — nx my — nxf 

m — n ^ m — n 

If m==n, or PQ is bisected in R, we have, 

X- ^ , y- ^ , 

a result which is of frequent use. In this article the axes 
may he oblique or rectangular, the result being the same. 
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EXAMPLES. 

1. Find the co-ordinates of the middle points of the sides 
of the triangle whose vertices are (2, 3), (4, —5), (—3, —6). 

Ans. a,-V), (-i-i), (3,-1). 

2. The line joining the points (2, 3), (4, — 6), is tri- 
sected ; to find the co-ordinates of the point of trisection 
nearest to the former point. Ans. a? = f , y = J. 

3. The co-ordinates of P are (2, 3), and of Q (3, 4) ; find 
the co-ordinates of R, so that PR : RQ : : 3 : 4. 

Ans. X = 24, y = 34. 

4. The point {x, y) is midway between (3, 4) and 
( — 5, —8) ; find its distance from the origin. Ans. V5. 

POLAR CO-ORDINATES. 

12. Let be a given point, and OA a fixed line through 
it; it is evident that we shall know the 
position of any point P, if we know the 
length OP and the angle POA. The 
line OA is called the Initial lone (caUed 
also the Prime Radins and the Polar 
Axis), the fixed point is called the 
Pole, the line OP is called the Radius 
Vector, and the variable angle AOP is 
called the Direction Angle, or Vec- 
torial Angle. This method is called the method of Polar 
Co-ordinates. The initial line may have any position in 
the plane, but it is usually drawn through horizontally 
to the right. The angle AOP and the distance OP are the 
polar co-ordinates of P. 

If the direction angle of any point be denoted by B, and 
its radius vector by p, the point may be called the point 
(p, 6). When the direction angle is estimated from A 
upwards towards P, as in Trigonometry, it is called -f ; 
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when estimated in the opposite direction from A dotoiiwards 
towards Q, it is called — . The radius vector is + when 
estimated from the pole in the direction of the extremity of 
the arc which measures the direction angle ; and it is — 
when estimated in the opposite direction. 

The following example * wiU make this clear. Let a be 
any distance OP, measured from O towards P, being the 
angle which OP makes with OA ; then 




Fig. 8. 



I 
I 
I 
I 

• 

I 
I 
I 

o 



-o 




Fig. 9. 




Fig« I0« 



/ 



\ v-^ 



-a 



Fig. II. 




e = fTT, 



e = n, 



represents P in Fig. 8 

" 9 
" 10 

(6 U i6 21 



(( 



a 



u 



a 



P = a, 
p =:—ay 

P = —ay 
p = -—a 
p = a. 

We observe that the direction in which p is measured 
depends, not only on its sigu, but also on the value of 0; 
thus, when = f tt, and p = — a, p must be measured 
from to P, as in Fig. 3 ; and when ^ = Jtt, p = ay 
p must be measured in exactly the same direction. 



♦ Puckle's Conic Sections, p. 9. Also, O'Brien's Co-ordinate Geometry, p. 87. 
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13. To locate a point whose polar co-ordinates are 
given. 

Draw the initial line, and lay off, at any point taken for 
the pole, an angle equal to the given angle ; then measure 
the distance p from the pole, in the direction of the extrem- 
ity of the arc which measures the direction angle, or in the 
opposite direction, according as p is + or — , and the 
required point is obtained. 



EXAMPLES. 

1. Locate the point p = 7, ^ = Jtt. 

The radius of the measuring arc 
being 1, tt is the semi-circumference. 
Hence, \tt = 45°. Now draw the 
initial line OA, and, at the point 
taken for the pole, lay off AOP = 
45°, and measure OP = + 7 ; P is 
the point required. 




Fiff. 13. 



2. Eepresent the points p = — 8, ^ = tt, and p = 15, 

3. Eepresent the points p = 15, ^ = Jtt, and p = — 6, 

^ = f TT. 

4. Represent the points p = — 6, = — I^tt, and p = 10, 

5. Represent the points p = 6, ^ = Jtt, and p = 6, 

14. To find the distance between two points in terms 
of their polar co-ordinates, 

Q 

Let P and Q be the two points ; 
represent the co-ordinates of P by ^ ^p 

p', e\ and of Q by p", e'\ and the 

distance PQ by d. Then in the tri- o^ — a 

angle OPQ, OP = p', OQ = p", and Fig. i*. 
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the angle POQ = ^' — d\ Hence, from Trigonometry we 
have, 

d = Vp''^ + 9'^- 2p'V7os {6" - 0'). (1) 

Cob. — If p" = 0, and S" = 0, we have, for the distance 
of any point (p', B') from the origin, d = p'. 

EXAMPLES. 

• a.. Find the distance between p = 3, ^ = ^tt, and p = 4, 
^ = |^7r. ^w«, 6. 

2. Find the distance between p = 5, ^ = 76°, and p = 4, 
^ = 15°. ^n«. V2I. 

3. Find the distance between p = 8, ^ = frr, and p = 3, 
B = 4^7r. ^7W. 7. 

4. Find the distance between (5, 30°) and (6, 225°). 

Ans. 109. 

DEFIN ITION S. 

15. The Equation of a Line is the equation which 
expresses the relation between the co-ordinates of every 
point of the line. 

The term Loons is nearly synonymous with G^ometrio 
Figure ; it is the series of positions to which a point or line 
is restricted by given conditions. 

The Locus of a Point is the line generated by the 
point when moving according to some given law. 

The Locus of a Line is the surface generated by that 
line when moving according to a given law. 

The Locus of an Equation is the line or surface, the 
co-ordinates of all of whose points satisfy the equation, 
while the equation is the analytic representative of the line 
or surface. Thus, take the equation, 

y = a; + 4. 

We may assign to x any value we please, and, from the 
equation, determine the corresponding value of y. Thus, 
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corresponding to the values 1, 2, 3, 4, etc., for a;, we have 
6, 6, 7, 8, etc., for y, Now, if we suppose a line that passes 
through every point determined by giving to x and y values 
that satisfy the equation, 

y = a? + 4, 

this line is called the locus of the equation. Since the locus 
is the geometric equivalent of the equation, every equation 
between variaWes which denote the co-ordinates of a point, 
represents a locus. 

There are two kinds of quantities used in Analytic 
Geometry : 1st, Constants, whose values do not change in 
the same discussion, and are represented by the leading 
letters of the alphabet ; and 2d, Variables, which are 
susceptible of an infinite number of values within certain 
limits that are determined by the nature of the problem, 
and are represented by the final letters of the alphabet. 

CONSTRUCTING EQUATIONS. 

16. To construct an equation, or find its locus, is to 
traqe, by means of determined points, the geometric figure 
which the equation represents. 

To construct any curve from its equation, we solve the 
equation for either of its variables, usually for y, whose 
value or values we find in terms of x and constants. Then 
substitute for x a series of arbitrary values, and find the 
corresponding values of y. Now draw the axes, and lay 
down the points corresponding to the co-ordinates thus 
found. A curve traced through these points will approxi- 
mately represent the locus of the equation. The closer the 
points are to each other, the more exact is the locus, unless 
it be a right line, which needs but two points to determine it. 

ScH. — Although it is customary to solve the equation for 
y, yet if it is above the second degree with respect to either 
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variable, it is expedient to solve it with respect to the varia- 
ble which is least involved. Thus, to construct 

3ic -f ^2 = 3y3 -f 2y - 8, 

we solve it with respect to x, and find 

3y«-f 2y-8-yg 
2 

Then substitute arbitrary values for y, and find the corre- 
sponding values of x. 



17. The Independent Variable is the one to which 
arbitrary values are assigned, usually x. The other is 
called the Dependent Variable. This distinction is 
made for conveuience ; either variable may be treated as the 
independent variable, and the other as the dependent varia- 
ble; the latter is said to be a Function of the former. 

One quantity is a function of another when so connected 
with it that no change can take place in the latter, without 
producing a cori*esponding change in the former. Thus, 

y^ax-^b, 

y is a function of x ; the ordinate of a curve is a function 
of the abscissa. 

Functions are divided into two classes, algebraic and 
transcendental. 



An Algebraic Function is one in which the relation 
between the function and its variable can be expressed by 
the ordinary operations of algebra, that is, addition , sub- 
traction, multiplication^ division, involution, and evolution, 
or the algebraic sum of many such functions. Thus, in 
each of the following expressions, 

y = 2a;2 + a:3^ y = ^x — y/x, y = {a/3^ — 2a:2)i, 
y is an algebraic function of x. 
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A Transcendental* Function is one in which the 
relation between the function and its variable cannot be 
expressed by the ordinary operations of algebra. 



Fig. 15. 






Fig. 16. 

18. A enrve is Continaons when it has no interruption 
in its extent, and no abrupt change in its curvature. A 
circle, an ellipse, and th^ curve in Pig, 15 are examples of 
continuous curves. The curve, Fig. 16, is disconiinuous, 
having an interruption in extent. Fig. 17 is an example of 
a disoontimioiis curve, having an 

abrupt change in its curvature. 

19. A Branch is the continu- 
ous part of a curve. In Figeu 16 
and 17 the curves have two 
branches. 

20. A curve is Symmetrical 
with respect to any line when it 
has the same form on both sides 
of the line; that is, when every 
point on one side of the line has a corresponding point on 
the other side of the line. The curves in Figs. 15 and 16 
are symmetrical with respect to the axis of x. The curve in 
Fig. 17 is not symmetrical with respect to any line. 




9lg.l7. 



* TntnBCcndental functions are farther subdivided, bat this division is not 
necessary in the present work. 
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DISCUSSION OF EQUATIONS. 

21. The Discussion of an equation consists in observing 
the peculiainties of the loci which appear from the form of 
the equation^ by making different hypotheses on the quan- 
tities that enter it, 

1st. To find where the locus cuts the axis of x. 

Make y = in the equation, and find the corresponding 
value of X, which will be the intersection with the axis of x. 
Similarly, make a; = 0, and find the corresponding value 
of y, which will be the intersection with the axis of y. 

Thus, in the locus, 

y z=x + 2, 

if a? = 0, y = 2, and if y = 0, x= — 2. Therefore the 
locus cuts the axis of x at the distance 2 to the left of the 
origin, and the axis of y at the distance 2 above the origin. 

2d. To find the limits between which the locus is 
situated, and to test for continuity in extent. 

The limits are discovered by determining the greatest and 
least values of the independent variable which give real 
values to the dependent one. If all values ajssigned to x 
between certain limits give rise to real values for y, the 
corresponding points will be real ; that is, the curve will be 
continuous in extent between these limits. If, on the con- 
trary, there are certain values of a: which render y imaginary ^ 
the corresponding points will be i'tnaguiary ; that is, the 
locus is interrupted at such points, and therefore is discon- 
tinuous. If between any two values of either variable, the 
corresponding values of the other variable are all imaginary, 
the locus does not exist between the corresponding limits. 
And the limits of discontinuity are the limits between 
which the values of the dependent variable are imaginary. 
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Thus, in the locus, 
by solving for y we obtain, 

so that y is r^aZ for every value of x that lies beyond the 
limits a; = a and a; = — a, but is imaginary for every 
value of a; lying between them ; and the locus is interrupted 
in the latter region. 

3d. To test for symmetry ivith respect to an axis. 

Note whether, for each real value of one variable, the 
other has two values numerically equal, but with contrary 
signs ; if so, there are points similarly situated on opposite 
sides of the axis from which the variable, having two values, 
is reckoned; and hence the locus is symmetrical with 
respect to that axis. 

Thus, in the locus last considered, we see that for any 
value of X beyond the limits + a and — a^ y has two 
values numerically equal, with contrary signs. Hence this 
locus is symmetrical with respect to the axis of x. 

EXAMPLES. 

1. Construct and discuss the equation 

2y — 6a; — 12 = 0. 
Solving the equation for y, we have, 

y = 3a; + 6. 
Making successively a; = and y = 0, we obtain^ 
y = 6, and a; = — 2. 
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The locup, therefore, cuts the axis 
of a; at a distance 2 to the left of the 
origin, and the axis of ^ at a distance 
6 above the origin. Draw the axes 
XX' and YY', and lay down the cor- 
responding points. 

Now, give X the following arbi- 
trary values, and find the correspond- 
ing values of y : 

When a: = 1, y = 9, giving the point (1, 9). 
x = 2, y = 12, " « (2, 12). 

a; = 3, y = 15, '' " (3, 15). 

All positive values of x give positive^ real, and single 
values to y. The equation being of the first degree, the 
locus has but one branch, which extends to the right of the 
axis of y indefinitely, and above the axis of x. 

Giving negative values to x, we have : 

When x= — ly y =z 3, giving the point (—1, 3). 
x=^2, y= 0, " ** (-2, 0). 

cc=~3, y=-3, « '' (-3,-3). 



iC 



<( 



cc 



iC 



For all subsequent negative values of x, y has real, nega- 
tive, and sitiyle values. Hence, the locus has a single 
branch extending indefinitely in the third angle. Laying 
down the points (—3, —3), (—2, 0), (—1,3), (1,9), 
(2, 12), (3, 15), we find that they all come upon the right 
line drawn through (0, 6) and (— 2, 0), which is therefore 
the locus represented by the given equation. 

If any other values be assigned to x, either positive or 
negative, integral or fractional, and the corresponding 
values of y be deduced, the points so determined will all fall 
upon the same line. 

2. Construct and discuss the equation ^y + ar = 2. 
Result— Pl straight line cutting the axis of x at (2, 0), 
and the axis of y at (0, 6). 
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3. Gonstmct and discuss the equation 

8y — 6a: — 5 = 0. 

ResuU. — A right line passing through the points (0, |) 
and (- 1, 0). 

4. Construct and discuss the equation 

a;2 ^. y? =r 16. 

Solving the equation for y, we get 

When a; = 0, y = -f. 4 and — 4. 

Hence the locus cuts the axis of y at (0, 4) and (0, — 4). 

When y = 0, a; = -h 4 and •— 4. 

Hence the locus cuts the axis of x at (4, 0) and (—4, 0). 

As every value of x between + 4 and — 4 gives two rtal 
values for y, numerically equal, with contrary signs, the 
locus is symmetrical with respect to the axis of a;, and con- 
tinuous between these limits. But when a; > 4 or < — 4, 
y becomes imaginary, and therefore the locus has no point 
beyond its intersection with the axis of x. 

Similarly, a; = ± \/l6 — ^ shows that the locus is 
symmetrical with respect to the axis of y^ and continuous 
between y = 4 and — 4. When y is > 4 or < — 4, the 
values of x become imaginary ; and hence the locus has no 
point beyond its intersection with the axis of y. 

Now giving to x arbitraiy values between + 4 and — 4, 
we find the following : 

When a; = 1, y = ± 3.9 nearly, giving us the pointy 
(1, 3.9) and (1, — 3.9). 

When a: = 2, y = ± 3.5 nearly, giving us the pointai 
(2, 3.5) and (2, — 3.5). 

When a; = 3, y = i 2.6 nearly, giving us the points 
(3, 2.6) and (3, — 2.6). 



^0 



DISCUSSION OF EQUATIONS, 



The negative values of x give us the following points: 
(— 1, 3.9) and (—1, —3.9), 
(—2, 3.5) and (—2, —3.5), 
(—3, 2.6) and (—3, —2.6). 

Constructing the points thus 
found, we find the figure to be 
the circumference of a circle 
whose radius is 4, and which is 
symmetrical to both axes. If 
any fractional values be given to 
X between the limits -f 4 and 
— 4, and the corresponding values of y be found, the points 
so determined will all fall upon the same circumference. 

The same result might have been reached by considering 
that a? -\' y^ = 1^ shows that the distance of any point 
\x, y) from the origin is constantly equal to 4. (Art. 9.) 

5. Construct and discuss the equation 




Fig. 19. 



0^ 



f 



Solving the equation for y, 



_ 4- -z. — 1 



we get, 
y = ±|\/9-a«. 

Making a; = 0, we get jy = ± 2 ; hence the curve cuts 
the axis of y m two points, one at the distance 2 above the 
origin, and the other at the same distance below it. 

Making y = 0, we get a; = ± 3 ; hence the cui-ve cuts 
the axis of x in two points equally distant from the origin 
and pn opposite sides of it. For each value of x between 
-f 3 and — 3, y is realy and has two values numerically 
equal, with contrary signs; hence the curve is symmetrical 
with respect to the axis of x, and continuous between these 
limits. When a; > 3 or < — 3, y becomes imaginary, and 
hence the curve has no point beyond its intersection with 
the axis of a;. 
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Similarly, from ^ = ± J V* — y*, we learn that the 
carve is continuonB between y ^ S and y = — 2, and 
symmetrical with respect tu the axis of y, but has no point 
beyond its intersection with the axis of y. Since the cnrve 
is symmetrical with respect to the axis of y, we need con- 
sider only positive valaes ol x. 

Giving now to x the following valnes, we have the follow- 
ing corresponding valnes for y : 

When a: = 0, y= ± 2, giving the points (0, 2) and 
(0, - 3). 

When a: = .5, y = ± 1.97, giving the points {^, 1.97) 
and (.5, —1.97). 

When x=l, y= ± 1.89, giving the points (1, 1.89) 
and (1, - 1.89). 

When X = 1.5, y=± 1.73, giving the points (1.5, 1.73) 
and (1.5, - 1.73). 

When a; = 2, y=±lA% giving the points (3, 1.49) 
and (2, - 1.49). 

When a: = 2.5, y= ± 1.1, giving the points (2.5, 1.1) 
and (2.5, — 1.1). 

When a: =2.75, y=±0», 
giving the points (2.75, 0.8) and 
(2.75, —0.8). 

When a: = 3, y = 0, giving 
the points (3, +0) and (3, —0). 

Laying down the points thus 
tonnd, and a similar set on the 
left of the axis of y, we deter- ^'''- ^°- 

mine the figure to be an ellipse, whose axes are 6 and 4. 

6. Construct and discuss the equation y^ = Zx — 9. 

Ans. It cuts the axis of x at the distance 3 to the right 
of the origin, and lies entirely to the right of this point, 
extending indefinitely in two branches that are symmetrical 
with respect to the axis of a:. The curve is a parabola. 
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7. CoDBtruct and diecnsB the equation 

Ans. The curve cots the sxJB of x at two points; one at 
the distance 4 to the right of the origin, and the other at 
the same distance to the left of it. It has no point between 
these intersections, but extends to the right and left of 
these points indefinitely, and is Bjmmetrical with respect 
to both axes, and is known as the hyperbola. 

8. Constract and discuss the following equations: 

y» + a^ _ ftr + lOy + 9 = 0; 

16(jf + 3)> = 300 — 25(3: — 5)>; 



9. Constmct and discuss the equation 

X = log y or y ^ If 

Asaaming a = 10, which is the 
base of the common system, and giv- 
ing to X the series of values in the 
following table, the values of y can be 
found from a table of logarithms. 

When x= 0, y= 1. 

1= 1.58nearly. 
.4, y= 2.51 « 



x= 1, 



y= 6.31 
y = 10.00. 



2, y= .6 

4, y= .4 

1, y= .2 

j/= .1 

y = .01. 



I nearly. 



DISCUSSION OF EQUATIONS. 



23 



Laying down the points thus found, we have the curve 
MN (Fig. 21), which is called the logarithmic curve. It 
lies entirely above the axis of Xy since negative numbers 
have no logarithms, but extends on both sides of the axis 
of y indefinitely, and cuts it at (0, 1), through which point 
all logarithmic curves pass, since log. 1 = in any system. 
The curve is not symmetrical with respect to the axis of y ; 
as it continues to the left of the origin, the ordinates dimin- 
ish more and more, but can never reduce to while x is 
finite. When the ordinate becomes infinitely small, the 
abscissa becomes infinitely great, and negative. 

10. Construct and discuss x = log y or y = a* 



Assume a = 2.718, which is the 
base of the Naperian system, and 
we get y= (2.718)'. 



When X— 1, 


y- 2.718. 


" X- 2, 


y— 7.389. 


" a; = 3, 


y = 20.085. 


« a; = — 1, 


y=i 0.368. 


"^ a: = — 2, 


y= 0.135. 



Laying down the points thus 
found, we have the curve MN 
(Fig. 22), which is called fche loga- 
rithmic curve for the Naperian x 




A-X 



11. Construct and discuss the equation of the sinusoid 

y = sin X. 

The unit of angular measure is the angle at the ' centre, 
measured by an arc equal in length to the radius, as this 
angle is of an invariable magnitude, whatever be the length 
of the radius. The semi-circumference being 3.1416, when 
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the radius is unity, the 'number of degrees in 

180° 
to the length of the radius is equal to st^^t; = 

o.l41u 

Hence the following series of values : 



When 



iC 

u 
u 
u 
ti 
u 
it 
tt 
a 
ti 
a 
ft 
a 
a 
a 
it 
tt 
tt 



X = 
X = 
X =z 
X = 
X = 
X = 
X = 
X = 
X = 
X = 



0° = 0, 



.17, 
.35, 

.62, 

.70, 

.87, 



10° = 
20° = 
30° = 
40° = 
50° = 
60° = 1.05, 
70° = 1.22, 
80° = 1.40, 
90° = 1.57, 
X = 180° = 3.14, 
X = 190° = 3.31, 
X = 200° = 3.49, 
X = 210° = 3.66, 
X = 220° = 3.84, 
X = 230° = 4.01, 
X = 240° = 4.19, 
X = 250° = 4.36, 
X = 260° = 4.54, 
X = 270° = 4.71, 



y = 



y = 
y = 
y = 
y = 
y = 
y = 
y = 
y = 
y = 

y = 
y- 
y = 
y = 
y = 
y = 
y - 
y = 



an arc equal 
: 57°.3 nearly. 



0. 

.17. 
.34. 
.50. 
.64. 
.77. 
.87. 
.94. 



= .98. 
1.00. 
0. 

- .17. 

- .34. 

- .50. 

- .64. 

- .77. 

- .87. 

- .94. 

- .98. 
- 1.00. 




Figi 23. 



Laying down the points thus found, we have the curve 
MN, which is callel the Sinusoid^ or the curve of sines. 
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li. Oonatruct and discuss 

y = tan a;; 
y = cot x; 



y = COB x; 
y = vers x; 
y = covers x ; 
y = see a:; 
y =: cosec x. 



These loci may be constracted with sufficient accuracy 
without computing their numerical values. Thus, in the 
example, 




Divide a quadrant MN into any number of equal parte, 
Bay nine, bo small that for pi-actical purposes the chord and 
arc may be considered eqoal. Now measure the arcs from 
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My and the secants of those arcs ; then lay off the arcs on 
the axis of x for abscissas^ and draw perpendicalars equal to 
the corresponding secants for the ordinates. 

For example, measure 07 = the arc M7, and at 7 draw 
the perpendicular 7P = 0^. P will be a point of the ourve. 

This example may be solved in the same way as Ex. 11 ; 
thus. 



When 


a: = ± 0** = ± 0, 


y = 1.00. 


a 


a- - ± 10° ~ ± .17, 


y = 1.02. 


it 


a; = ± 20° = ± .35, 


y = 1.06. 


<( 


a; - ± 30° — ± .52, 


y = 1.16. 


u 


a;= ±40° = ± .70, 


y - 1.31. 


tc 


a; - ±50 - ± .87, 


y = 1.56. 


u 


a; = ± 60° = ± 1.05, 


y — 2.00. 


a 


a; - ± 70° - ± 1.22, 


y = 2.92. 


« 


a: — ± 80° — ± 1.40, 


y - 5.76. 


66 


a; = ± 90° = ± 1.57, 


y = 00. 



Laying down the points thus found, we have the curve 
with more accuracy than by the preceding method. 

In the same way construct the equation, 

y = tan x. 

When 

66 
66 
66 
66 
(( 
66 
66 
66 
66 
66 



X = 


0° = 0, 


y = 


0. 


X = 


±10° - ± .17, 


y = 


± .18. 


X = 


± 20° — ± .35, 


y = 


± .36. 


X = 


± 30° = ± .52, 


y - 


± .58. 


X 


±40° = ± .70, 


y = 


± .84. 


X = 


+ 45° = ± .79, 


y - 


± 1.00. 


X 


± 50° = ± .87, 


y - 


± 1.19. 


X 


+ 60° = ± 1.05, 


y - 


± 1.73. 


X = 


± 70° = ± 1.22, 


y = 


± 2.75. 


X = 


± 80° = ± 1.40, 


y- 


± 5.67. 


X =. 


± 90° = ± 1.57, 


y - 


00. 
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Laying down the points thus found, we have the 
curve MN. 




It is clear that when we take the -f values of x we must 
take the + values of y; and when we take the — values of 
X we must take the — values of y, confining ourselves to 
the first quadrant. 



CHAPTER II. 



THE RIGHT LINE. 



Y 

B 


1 


a 


J aX o 




'it 


/ . 

Y 


M 
Fig. 2tf. 



22. I. To find the equation of a right line, in 
terms of its angle with the axis of x^ and its in- 
tercept on the axis of y. 

Let AC be any right line re- 
ferred to the axes XX' and YY', 
and cutting the axis of y at B. 
Let P be any point in the given 
line, and draw PM perpendicular 
and BQ parallel to XX'; then will 
OM be the abscissa and MP the 
ordinate of the point P. 

Let OM = a;, MP = y, OB = J, 

tan PAX = tan PBQ = a; 

then y = PM = PQ+QM = BQtanPAX + BO = aa?+J, 

that is, y = aa: + J. 

But the point P is, by hypothesis, any point of the line 
AC ; therefore this equation, y := ax -^ b, expresses the 
relation between the co-ordinates of every point of AC, and 
hence it is the equation of that line, by the definition in 
Art. 15. 

OB is called the Interc^it on the axis of y ; if the line 
outs the axis of y below the origin, h will be negative. 
a denotes the tangent of the angle which the line AC makes 
with the axis of x, and is positive or negative, according as 
the angle is < or > 90°. 

CoR. 1. — If a is negative and h positive, the equation 
becomes y = — oa: + *, 
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and the line cuts the axis of y above tlie origin, and makes 
with the axis of x an angle greater than 90° ; it therefore 
eutfi the latter at some point to the right of the origin, and 
so lies across the /7r«^ angle. 

If a and b are hoth positive, the equation becomes 

y zzz ax + b\ 
the line lies across the second angle. 

If a and b are both negative, the equation becomes 

y = — aa; — J ; 
the line lies across the third angle. 

If a is positive and h negative, the equation becomes 

y = aa; — A ; 
the line lies across the fourth angle. 

Cob. 2. — If J = 0, the equation becomes 

y = ax; 
the line passes through the origin. 

If a = X), the equation becomes 

the line is parallel to the axis of x. 

If a = 00 , the line is parallel to the axis of y. 

[The student may draw diagrams and verify these state- 
ments.] 

ScH.--In the equation of a right line, so long as we con- 
sider the same line, a and b remain unchangeable ; they are 
therefore called constant quantities, or constants. But x 
Mid y may have an indefinite number of values, since we 
may assign to one of them, as x, any value we please, and 
find the corresponding value of y from the equation 

y =: ax + b. 

X and y are therefore called variable quantities or varieties, 
as defined in Art. 15. 



so 
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II. To find the equation of a right line in terms 
of its intercepts on the two cuxes. 

Let A and B be the points where 
the right line cuts the axes of x 
and y respectively. Let OA = a, 
OB = h ; represent by x and y the 
co-ordinates OM and MP of any 
point P on the line. Draw PM 
parallel to YY'. Then, by similar 
triangles, we have 

PM AM 




OB " AO ' 



that is. 



therefore. 



h 



a — x 



a 



= 1. 



Cor. — By observing the signs of the arbitrary constants 
a and h in this equation, we can fix the position of the line 
with regard to the four angles, as in the preceding article. 

When a and h are both positive, the line lies in i\ie first 
angle. 

When a is negative and h positive, the line lies in the 
second angle. 

When a and h are both negative, the line lies in the tMrd 
angle. 

When a is positive and h negative, the line lies in the 
fourth angle. 

Remabk. — ^This form is known as the symmetrical form of the 
equation to a right line, and is frequently used. It lias a close resem- 
blance to the analogous equations of the conies ; and it is applicable, aa 
can be easily seen from the investigation, to rectangular and oblique 
axes alike. 
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ni. To find the equation of a right line in terms 
of the perpendicular on it from the origin, and the 
angle which the perpendicular makes with the axis 
of X. 

Let AB be the line; let 
AOD = a, and OD = 'p. In the 
equation y = ax -f J put for a 

its value, tan BAX = — ; 

sin a 

and for J its value, OB = -^ — 



sin a 



Substitute these values in 
y — ax^-l. 




and get 



y = —^ 



cos a 
sin a 



+ 



sin a 



or 



X cos ce + y sm ce = ^, 
which is the equation required. 



(1) 



ScH. 1. — The coefficients of x and y in (1) are called the 
Direction Cosines of the line, since they are the cosines 
of the angles which the perpendicular makes with the axes 
of X and y respectively. In using this form, it must be 
carefully remembered that a is the angle which the perpen- 
dicular makes with the positive direction of the axis of x, 
and that a may have any value from to 360®, while p is 
9\vf2kj& positive^ that is^ measured from so as to bound the 
angle a, 

ScH. 2. — This form is known as the normal form of the 
equation to a right line. 



EXAM PLGS 



1. Across which of the four angles does the line 
y = — 7a; + 5 lie ? The line y = 3a; + 4? The line 
y=: -ar — 3? The line j^ = 2a; — 3? 
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2. Trace the Mne | + | = 1 ; - 1 - | = 1. 

3. In which of the angles lie the lines ^ — | = 1 ? 



2 3 

4. Construct the triangle, the equations of whose sides 
are y = fa: + 3, y = ia; — 1, y = — fa; + 4. 

6. Construct the figure, the equations of whose sides are 
y = a:+3, ^ = 2a:-y-4i, y+a; = 3, a:+y+3 = 0. 

IV. To find the equation of a right line referred to 
dbliqive axes. 

Let A and B be the points where 
the right line cuts the axes of x and 
y respectively. Praw PM parallel to 
YY', and OE through the origin 
parallel to AB. Let x and y repre- 
sent the co-ordinates OM and MP of 
any point P on the line. Denote the 
inclination of the axes by o) ; and let 
OB = J, and the angle BAX = a. Then we have, 

y = PM = PQ + QM = OB + QM. 
QM sin BAO sin a 




(1) 



But 



Therefore 



OM sin ABO sin (w — a) 

sin a 



QM = 



sin (w — a) 

which in equation (1) gives 

sin a 



OM, 



y = 

the required equation. 



bin (g) — a) 



« + J, 



If we put a for 



sin a 



sin (<«> — a) 



, the equation becomes 



n 
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which is of the same form as the equation in Art. 22, 1. 

The meaning of h is the same as before ; a is the ratio of the 

sifus of the angles which the line makes with the two axes 

respectively. If the axes become rectangular, a> = 90°, 

and therefore 

sin a , 

sm (90 — a) 
which agrees with Art. 22, I. 



EXAMPLES. 

1. Find the equation of a right line which makes an 
angle of 135*^ with the axis of x, and cuts oflF an intercept 
= — 3 on the axis of y, (1) if the axes are rectangular, and 
(2) if they are inclined at an angle of 45°. 

(1) Putting J = r- 3 and a = tan 135° = — 1 in the 
equation of Art. 22, I, 

y =1 ax + by 

we have, for the required equation, 

y z=i —X — 3. 

(2) Putting a = 135°, w — « = 45° — 135° = — 90° in 
the equation of Art. 22, IV, 

sin a , , 

^ sm (a> — a) 

we have for the required equation, 

or y = —x — d. 

2. Find the equation of a right line which makes an 
angle of 30° with the axis of x, and cuts off an intercept of 
4 on the axis of y, if the axes are inclined at an angle of 60°. 

Afis. y =z X + 4^ 
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23. Every equation of the first degree between two 
variables is the equation of a right line. 

The general equation of the first degree with two varia- 
bles is of the form 

Ax + By+C=0, (1) 

in which A and B are the collected coefficients of x and y, 
and C is the sum of the absolute terms. 
Solving this equation for y, we obtain^ 

Now we have seen in Art. 22, 1, that if a right line be drawn 

C 
cutting the axis of y at a distance — -^ from the origin, 

and making with the axis of a; an angle whose tangent is 

— -yr , then (2) will be the equation of this line. Hence (2), 

and therefore also (1) is the equation of a right line. 
If -4 = 0, then (1) becomes 

By+C=0, 



y = -B^ 

and, from Art 22, 1, this equation represents a right line 
parallel to the axis of x. 

If B = 0y then (1) becomes, 

Ax-^ C = 0, 

C 

and, by Art. 22, I, this equation represents a right line 
parallel to the axis of y. 

If A and B have like signs, the line makes an obtuse 
angle with the axis of x ; and if they have unlike signs, it 
makes an acute angle. If B and (7 have like signs, the line 
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cuts the axis of y below the origin ; and if they have unlike 
signs, it cuts the axis of y above the origin. 

ff C = 0, then (1) becomes 

Ax+ By ^ 0, 

A 
or y = "B^' 

and the line passes through the origin. Hence the equa- 
tion 

Ax-^By+C=0 

always represents a right line. 

A C 

Putting — ^ = a, and — -^ = J, and substituting in 

(2), we have 

y ^ ax + h, 

which is the same form as the equation in Art. 22, 1. 

CoR. — The equation 

Ax + By+C=(i, (1) 

may be reduced to the form 

X cos ce + y sin a = ^. (2) 

Thus, comparing (1) and (2), we see that A, B, and 

are proportional to cos a, sin a, and —p; and therefore 

we havo 

ABC 

cos a "^ sin a "" p^ 

sin €c B ,«v 

. - cos a A ,.v 

and __ = __. (4) 

Therefore ?Ei£+J2^ = ^ + :1'; 

C 
or P = , , — :• 

VA^ -4- & 
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We have taken the positive sign, because p is always 
positive (Art 22, III, Sch.). 

From (3) we have, sin a = — -^P = — 



A A 

From (4) we have, cos a = — -^p = — 



(^ VA^ -h B^ 

Substituting these values in (2), we have 

ABC 

^x —- - y = 



Va^ + b^ Va^ + b» VA^+ B^' 

or ^ x+ ^ yH — _ = 0. (5) 

V^8 + B^ Va^ + B^ VaTTb^ ' 

Hence any equation of the form 

^a: + 5y 4- (7 = 0, 
may be reduced to the form 

X cos a + y sin a =: jt>, 



by dividing all the terms by V^^ + fi», after changing the 
signs, if necessary, so that the absolute term shall be in the 
second member, and positive. 

Sch. , and : are respectively 

the cosine and sine of the angle which the perpendicular 

from the origin on the line -ire + 5y -f 0^= makes with 

C 
the axis of x. and is the length of this perpen- 

dicular. 

For instance, the equation 4a: + 3y — 10 = may be 
written Ja; -f |y = 2, where 2 is the perpendicular on it 
from the origin. 
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24. To find the length of the perpendicular from 
any point (a?% y') to the line x COS « + 2/ sin a=^p. 

Let {x', y') be the given point P, 
and AB the given line. 

From the given point Pdraw PR 
parallel, and PN perpendicular to 
the given line AB. PN will be the 
perpendicular required. 

From the figure we have 

PN = PD + DN 

= PD + CO - EO 

= PM sin DMP + OM cos COM - BO 

= x' cos a + y' sin a —p. 

We have taken P on the side of the line opposite the 
origin. If the point were taken on the same side as the 
origin, as at P', we would have, 

PT!T = OE - OR' = OE - (OC + D'F) 

=z p — x' COS a — y' sin a. 

Hence, if the equation of a line is 

X cos «-fysin«— ^:=0, 

where ^ is a positive quantity, the length of the perpendic- 
ular on it from {x'y y) is 

± {x' cos a + y sin a — p)y 

according as the point and the origin lie on opposite sides, 
or the same side of the line; that is, is equal to the result 
obtained by substituting in the left-hand member of the 
equation of the given line the co-ordinates of the given 
point, with the above restriction as to sign. 

If the point (x', y') is on the line, its perpendicular 
becomes 

of cos « + y' sin a — ^ = (Art. 22, III). 
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If the equation of the line were given in the form 

Ax + By + C = 0, 

we have only to reduce, it to the form 

a: cos a + y sin a — jp = (Art. 23, Cor.), 

and the length of the perpendicular from any point (a?', y') is 

Ax' -f By' + 
^/A^^& 

ScH. — Comparing this expression for the perpendicular 
from {x\ y') with that for the perpendicular from the 
origin (Art. 23, Sch.), we see that (a;', y') lies on the same 
side of the line as the origin, or on the opposite side, accord- 
ing as Ax' + By' + C has the same sign as C, or the oppo- 
site sign. 

EXAMPLE. 

Find the length of the perpendicular from the origin to 

a{x — a) -^ h{y --h) = 0. 

This equation, reduced to the form 

X cos a + y sin a — j9 = 0, 
becomes (Art. 24), 

Va^ + i^ 

25. To find the equation of a right line passing 
through a given point. 

Let {x', y') be the given point, and the equation of the 

line be 

y = ax + h. (1) 

Since the given point {x', y') is on the right line, its 
co-ordinates must satisfy the equation of the line ; that is, 
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the equation being true for every point on the line, must bo 
true for the point {x'y y'). Hence (1) becomes 

y* = ax' + b. (2) 

Eliminating h by subtracting (2) from (1), we obtain 

y^y=a {x - x% (3) 

which is the required equation. For it is the equation, by 
Art. 23, of some right line, since it is of the first degree 
between two variables; and it is the equation of a right 
line passing through the given pointy because it is evidently 
satisfied when x' and y* are substituted in it for :r and^v* 
The constant a is the tangent of the angle which the line 
makes with the axis of .r, or the ratio of the sines of the 
angles which the line makes with the two axes respectively, 
according as the line is referred to rectangular or oblique 
axes. By giving a suitable value to a, we may make equa- 
tion (3) represent any right line which passes through the 
given point 

This equation (3) can easily be 
obtained geometrically. For let 
AB be any right line passing 
through the given point V*, the co- 
ordinates of which are x' and y'. 
Let P be any point on the line, 
X and y its co-ordinates. Draw 
the ordinates PM, P'N, and PC 
parallel to the axis of x ; then we 

have 

PC 



Y 


P 


A 




/ 

'A/ 


/ 




X 


V 

* 
Y 


r 

1 


Pig. 29. 


1 



PC 



= tan BAX or = 



sin BAX 
siirABO' 



according as the axes are rectangular or oblique ; that is, 

^^ = ten BAX or = _!!5.« , 
a: — a; sm (w — a) 

according as the axes are rectangular or oblique. 
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Hence, y — y' = tan BAX {x — x') 

or = - — 7 r (X — X), 

sm (w — a) ^ 

or y~-y'=a{x — x')y 

in which a is the tangent of the angle which the line makes 
with the axis of x, or the ratio of the sines of the angles 
which the line makes with the two axes respectively, accord- 
ing as the line is referred to rectangular or obliqne axes. 
This is the same as equation (3). 

26. To find the equation of the right line which 
passes through two given points. 

Let the two given points be {x', y') and {x'\ y"), and the 
equation of the line be 

y z= ax + b. (1) 

Since the two given points are on the right line, their 
co-ordinates must satisfy the equation of the line, giving 

y' z= ax' + by (2) 

y" = ax" + *. (3) 

Subtracting (2) from (1), we obtain 

y — y' = a (a: — x'). (4) 

Subtracting (3) from (2), we obtain 

y' ^y'' = a {x' - x"). 



'f 



Hence, a = ^, — ^77, 

X — X 

which in (4) gives 



// 



tf-y'= |r^|» (^ - X'), (6) 

which is the required equation. 
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To obtain equation (5) geometrically, let P be any point 
{x, y) on the line AB, and P' 
and P" the two given points 
(a;', y") and {x", y") ; then we 
hare, from the figure, 



PD 
FD 



P'C 
P"C' 



or y^^ = y^^. 

a; — ar x ^ x 



y-^' = |^3|^(^-^')> 




Hence, 

which is the same as equation (5). 

^; "~ 17 = tan B AX = tan a, 

X — X 

if the axes are rectangular. 

y' - y" _ sin BAX 



sin a 



x' - x" 



' sin ABO sin (w — «)' 

if the .axes are oblique ; which agrees with the results of 
Art 25. 

Cob. 1. — Suppose x" = x; then 

y —y _ y_j7 y _ 



X — a: 



// 







= 00 



which, being the tangent of 90°*, shows that the line is 
parallel to the axis of y, which is as it clearly should be, 
since, if x" = x', the points P' and P" are equally distant 
from the axis of y. 

If y" = y', ^j^^~Ff = -p -r, = 0, which, being the 

tangent of 0°, shows that the line is parallel to the axis of 
Xy which is as it clearly should be, since if y" = y', the 
points P' and P" are equally distant from the axis of a:. 
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In the case of oblique axes, if x" = x\ 

y' — y" _ y ' — y" _ sin« 

x' — x" sin (d) — a) ' 

therefore, sin (w — «) = 0, 

and hence o) = a ; that is, the line is parallel to the axis 
of y. 

If y" = y'y ^-f^^-T, = -7 T/ = . ?" " V ; there- 

^ -^ ' a; — oj ' X —x' sm (w — «) ' 

fore sin a = 0, and hence the line is parallel to the axis of x. 

CoR. 2. — If P" coincides with P', we shall have, 

x" = x' and y" = y', 
and equation (5) becomes, 

y-y' = l{^-^% (6) 

which is the equation of a right line passing through a 
given point ; and by representing the indeterminate expres- 
sion jr by a, this equation becomes 

y — y' z=za(x — x% 
which agrees with equation (3), Art. 25. 

CoR. 3.— If we make x' = and y' = i, equation (6) 

becomes 

y — J = «iF, 

or y = ax + J, 

which is the equation of a line passing through a point on 
the axis of y, at the distance of h from the origin. This 
equation agrees with the one found in Art. 22, I, as it 
clearly should. 

CoR. 4. — If one of the points {x\ y') be the origin, equa- 
tion (5) becomes y z=i^,x, which is therefore the equation 

X 

of a line passing through the origin and {x'\ y"). 
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EXAMPLES. 

1. Find the equation of the right line passing through 
the points (— 2, 8) and (3, — 2). 

Here a/ = — 2, x" =. 3, y' = 3, y" =: — 2. Now, sub- 
stituting these yalues in equation (5), we get 

y - 3 = -^^Ig (^ + 2), 

and, reducing to the form y = or + 5, we get 

y =i — a: + 1, Ans* 

2. Find the equation of the line passing through the 
points (4, — 2), (— 3, — 5). Am. 7y — 3a; + 26 = 0. 

3. Find the equations of the sides of the triangle, the 
co-ordinates of whose vertices are (2, 1), (3, — 2), and 

(— 4> — !)• / a: + 7y + 11 = 0, 

Ans. ] 3y — a; — 1 = 0, 
( 3aj + 7y - 7 = 0. 

4. Find the equations of the sides of the triangle, the 
co-ordinates of whose vertices are (2, 3), (4, — 5), and 
(—3, —6). Ans. a;— 7 = 39, 9.r— 5y = 3, ^x+y = 11. 

5. Find the equation of the line passing through the 
origin and the point (3, — 2). Ans. Sy -f 2a; = 0. 

27. To fijid the angle between two right lines whose 
equations are given. 

Let AC and BC be the two 
right lines whose equations are 
respectively 

y — ax-^hy 

and y :=! a*x+ h\ 

and call the angle between them. 
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Then, Art. 22, 1, 

a = tan CAX and a' = tan CBX, 

and tan ACB = tan (CBX — CAX), 

. rr- X tan CBX — tan CAX 

by Trigonometry, = i ^ ^an CBX > tan CAX^ 

, . a' — a 
or tan <A = zr——-r 

L -{- aa 

ScH. — In applying this formula to examples, we may 
obtain two results numerically equal, with contrary signs. 
Thus, if the two lines are 

y = 3a; + 2 and y = 4a; — 7, 
and we let «' == 3 and a = 4, we have 

^^* = rTi2 = ~T3- 

But if we let a' = 4, and a = 3, we hare 

**° * = 1T12 = I3' 

This ambiguity is as it should be, since the two lines 
form with each other two equal acute and two equal obtuse 
angles; and as these angles are supplements of each other, 
their tangents are numerically equal, with contrary signs. 

Cob. 1. — If the two lines are parallel, we hare 
= 0, and /. tan = 0; 

hence, :r-; , = 0, 

which gives «' = «. 

Also, if the two lines are perpendicular to each other, we 

have 

= 90°, and .*. tan = 00 ; 

V a' — a 

hence, TTr~;;v = ^ ^ 
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which gives, 1 + aa' = 0, 

or fl' = • 

a 

1 

Hence, y = a? + J 

represents a right line perpendicular to the right line 

y = or + 5. 

Cor. 2. — ^We found, Art. 25, that the equation of a right 
line passing through a given point {x\ y') is 

y — y' = a (a? — a;') ; 
hence, hy Cor. 1, y — y' z= (a; — a;') 

Cv 

is the equation of a line passing through a given point 
{z\ y') and perpendicular to the line y '=ax + i. 

EXAMPLES. 

1. Find the angle between the lines 

2y -f a; + 1 = 0, 
3y — a; — 1 = 0. 

Solving both equations with respect to y, we have 

y = — f r - f 

y = ii«? + i- 
Here a' = — ^, a = i^; hence, 

tan = "^^^ ^ = — 1. 

= 135°. 

2. Find the angle between the lines 

3a; +• 2y — 12 = 0, 
4a; + y -. 6 = 0. 

Ans. tan = 3«^, or <^ = 19° 39'. 
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3. Find the angle between the lines 

y = — a; + 2, 
y z= 3a; — 6. 

Ans, tan ^ = — 2. 



= 116° 34'. 



4. Find the equation of the line passing through the 
point (3, — 4) and perpendicular to the line 

5a; — 4y — 52 = 0. 

Ana. iff =: 5x^ 31, 

5. Find the equation of the line passing through the 
point (4, 1) and perpendicular to the line 

4y = bx — 31. 

Ans. hy = — 4a; + 21. 

28. To find the equation of a right line which 
mahes any given angle with a given line. 

Let <f> be the given angle, and let ^ ^ Fig. 32. 

tan <l>=:m; let the equation of the 
given line AB be 

y =: ax + b, (1) 

and the equation of the required 

line be 

y = a'x-i- 1\ (2) 

where «' is to be determined from the conditions of the 
problem. 

Now, it is evident that the required line may be either 
PC or PD, since each makes the same angle with the given 
line AB. Hence we have, by Art. 27, 




A X 



m = :r— . >, or = 



\-{-aa' 



1 + aa! 



Therefore, 



a = 



a ± m 
1 T am^ 
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which in (2) giyes y = f ^-^« + K (3) 

where h' is undetermined, as it should be, since there may 
be an infinite number of lines drawn fulfilling this condi- 
tion, all having the same inclination to the axis of x. 

Cor. 1.— If the required line is to pass through a given 
point {x'y y')y the equation will be, Art. 25, 

y-^y'z=za'{x^ x% 
or y-^y = -^ — (x — x'), (4) 

Cor. 2. — If the required line is to pass through a given 
point, and parallel to a given line, m = 0, and (4) becomes 

y^y' — a{x — xy 

CoR. 3. — ^If the required line is to pass through a given 
point and perpendicular to a given line, m = oo , and (4) 
becomes 

-±i 

-±1 
= ^ (a;-a;')=^(a:-aO, 

1 
or y-y' = --(a^-A 

which agrees with Art 27, Cor. 2. 

EXAMPLES. 

1. Find the equations of the lines which pass through 
the point (1, 2), and make an angle of 46"* with the line 

3a: + 4y + 7 = 0. 
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Here a = — J, m = 1, and taking the upper sign in 
equation (4), we have 

y-2 = ^=i±i(a;-l) = +(a;-l). 

or 7y — a: — 13 = 0, Ans. 

And taking the lower sign in (4), we have, 

or y 4- 7ic — 9 = 0, Ans. 

2. Find the equations of the lines which pass through 
the point (4, 4), and make an angle of 45^ with the line 

y = 2a;. 

Ana, y — 4 = — 3 (a: — 4),. and 
y — 4 = I (x — 4). 

3. Find the equations of the lines which pass through 
the origin,^and make an angle of 60° with the line 

X + y V3 = 1. 
Ans. y = — =x, and a: = 0. 

4. Find the equations of the lines which pass through 
the point (0, 1), and make an angle of 30° with the line 

y + a: = 2. 

( y — 1 = (\/3 — 2)a:, and 
^^"•]y-l = -(V3 + 2)a:. 

6. Find the equation of the line which cuts the axis of y 

at a distance of 8 from the origin, and is perpendicular to 

the line 

8y + 5a; — 3 = 0. 

Ans. 5y — 8a; — 40 = 0. 
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29. To find the co-ordinates of the point of inter- 
section of two right lines whose equations are given. 

Let the equations of the lines be, 

y = aa; + J, (1) 

y = a'a; + V. (2) 

Each equation expresses a relation which mnst be satis- 
fied by the co-ordinates of every point on that line ; there- 
fore, the co-ordinates of the point where the lines intersect 
must satisfy both equations; hence, we must make (1) and 
(2) simultaneous, and find the values of x and y from them. 
Thus, 

EXAMPLES. 

1. Find the co-ordinates of the intersection of the two 

lines 

3a: -f 7y = 47, 

8a; — y = 27. Am. (4, 5). 

2. Find the intersection of the lines 

i^ — iy = 1, 

y = — 2a? -h 4. Ans. (2, 0). 

3. Find the intersection of the two lines 

3y -f 4a; — 11 = 0, 

4y + 3a: — 10 = 0. Ans. (2, 1). 

4. Find the vertices of the triangle, the equations of 
whose sides are 

^ + y = 2, 

a: — 3y = 4, 

3a; + 5y = — 7. 

Ans. (--^, -H), (i^, -J^), (I, -I). 
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30. Given the equations of two right lines, to find 
the equation of a third line passing through their 
point of intersection. 

The method of solving this question, which would natu- 
rally occur to the student, would be to obtain the co-ordi- 
nates of the point of intersection, by Art. 29, and then to 
substitute the values of these co-ordinates for x' and y' in 
equation (3) of Art. 25, viz., y — y' = a (a; — x'). 

The question, however, admits of an easier solution. 

Let the equations of two right lines be 

y — ax — S = 0, (1) 

y^a'x^V = 0. (2) 

Multiply either equation, (2) for instance, by an arbitrary 
constant, k, and add the result to (1). We have, 

(y — oa; — S) + * (y — a'a; — b') = 0, (3) 

which is the required equation. 

For, equation (3) denotes some right line, since it is of 
the first degree (Art 23) ; and it is clear that any co-oixii- 
nates which satisfy (!) and (2) must also satisfy (3), for 
the left member of this equation must vanish whenever 
y — ttx — b and y — a'x — - b' are each equal to zero. That 
is, equation (3) represents a line passing through a point 
whose co-ordinates satisfy equations (1) and (2) ; but this 
point is the intersection of the two lines, by Art. 29. Hence 
equation (3) denotes a line passing through the intei'section 
of the given lines. 

Since k is an arbitrary quantity, equation (3) will repre- 
sent an infinite number of lines fulfilling one condition 
only, viz., all passing through the intersection of (1) and 
(2). We can therefore impose a second condition by giving 
the proper value to k ; for example, we can make equation 
(3) represent a line passing through the point {x', y') by 
substituting x' and y' for x and y in (3), finding the value 
of k, and substituting this value for k in (3). 
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EXAM PLES. 

1. Find the equation of the line passing through the 

intersection of 

2a: -f 3y + 1 = 0, (1) 

3a; _ 4y _ 5 = 0, (2) 

and the point (2, 3). 

The equation of a line through the intersection of (1) 
and (2), by Art. 30, is 

(2a: + 3y -f 1) + *(3a: — 4y — 5) = 0. (3) 

As (3) is to pass through (2, 3), these co-ordinates, when 
substituted for x and y in (3), must satisfy it, giving us 

(4 4_ 9 -j. 1) + i (6 — 12 — 5) = 0. 

which in (3) gives 

(2x + 3y + 1) + if (3a;- % - 5) = 0, 
or, 64» — 23y — 59 = 0, Ans. 

/ 2y - a: + 6 = 0, (1) 

2. Given < y + ^+ 8 = 0, (2) 

( 3y 4. 2a; — 30 = 0, (3) 

to find the equation of the perpendicular from the intersec- 
tion of (1) and (2) to (3). 

The line passing through the intersection of (1) and (2) is 
(2y-aj + 6) + *(y + 4a? + 8) =0. (4) 

Solving for y, we get 

1 — 4;fc 6 + 8* ,^. 
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(5) is to be perpendicular to (3), we must have, 
7, Cor. 1, 

which in (4) gives 

(2y-a: + 6)-T*r(y + 4a; + 8) = 0, 

or, 18y — 27a: -f 34 = 0, Am. 

3. Find the equation of the right line passing through 
the point (a, b), and the intersection of the right lin^ 

- + f = 1, and ^ -f - = 1. 
a b b a 

J, X y 1 1 

Ans. -5 — '^ = T- 

a^ ly' a b 

4 Find the equation of the line passing through the 
origin and the intersection of 

7a; + 3y + 2 = 0, and 4a; — 5y — 7 = 0, 

A718. lly + 57a; = 0. 

31. To find the polar equation of a right line. 

Let AB be a right line, OQ the 
perpendicular on it from the pole 
0, OX the initial line, P any point 
in the line. Let OQ = ju, and the 
angle QOX = «. Let (r, B) be the 
polar co-ordinates of P ; then 

OQ = OP cos POQ ; -^^ -. „ ^ ' ^ 

that is, p = r cos (B — a). 

•'• ^ = C08(6?-«)' ^^^ 

which is the required equation. 




LINE IN POLAR CO-ORDINATES. 53 

Cor. 1. — If the right line AB were perpendicular to the 
initial line, we would have a = 0, and the equation would 
become p .^. 

which is the equation of a right line perpendicular to the 
initial line. 

Cob. 2. — When = 0, (1) becomes, 

r = — ?— = ^^ = 0A 
cos (—a) cos XOQ * 

which is as it should be. 

Cob. 3.— When = «, (1) becomes 

P 
r = -^—^ = », as it should* 
cos ^ 

Cor. 4— When = 90° + «, (1) becomes 







r = ^- = 00 , 



as it should, since in this case the radius-yector becomes 
parallel to the line, and hence oo . 

Cor. 5.— When > OO** + « and < 270° + «, r is nega- 
tive, as it should be, since, in order to reach the line AB, it 
must be produced backward from the pole, directly opposite 
the extremity of the arc S measured from the initial line 
from the right upward to the left. 

Cob. 6.— When S > 270° + a and < 360° + «, r is posi- 
tiye; when z= 360° + «, r=Pf as it should; when 

e = 360°, r = ^ — r = OA. 

cos ( — a) 

Cob. 7. — When the line AB passes through the pole, 


cos {0 — a)' 
which is for eyery yalne of S except 90° + «, for which 

yalue ^ = 7^> or indeterminate, as it should. 
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EXAMPLES. 

1. Find the perpendicular distance from the point 
(10, 2.9) to the line 

5y — 4a; -f- 5 = 0. (1) 

4a; — 5;/ — 5 = 0. 
Reducing to the normal form, we have, 

— =1^=^ ^y-= — ^ = g (2) 

V42-h(-5)2 V42 4-(— 5)3 ^4? + {^bf 
By Art 24, the perpendicular is 

4(10) -5 (2.9) -5 _ ^ _ (20.5) Vil _ ^r^ 

= .5 (6.4) = 3.2, Ana. 

2. Find the intersection of the perpendicular from 
(— 3, 8) to the line y = |a; — 5. Ans. (IJ, — 4|). 

3. Find the angle between the lines a; + y = 1 and 
y = a? + 2 ; also find the co-ordinates of the point of inter- 
section. Ans. 90° ; (— ^, f ). 

4. Find the angle between the lines x + yV3 = and 
a; — y\/3=2. Ans. 60°. 

5. Find the length of the perpendicular from the point 
(2, 3) to the line 2a? + y — 4 = 0. . 3 

V5 

6. Find the lengths of the perpendiculars from each 
vertex to the opposite sides of the triangle (2, 1), (3, — 2), 
and (— 4, - 1). . j^^s. 2^2, VlO, 2\/i0. 

7. Find the equation of the line which passes through 
the point of intersection of the lines a: — 2y — a = 0, and 
^ + 3y — 2a = 0, and is parallel to the line 3aj + 4y = 0. 

Ans. 3a; + 4y — 5a = 0. 
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8. Find the equation of the line that joins the points of 
intersection of the two pairs of lines, 

I 2a; + y — a = 0, ) ( 3a^ — 2y + 2a = 0. ) 

Ans. 4 (a: -j- y) — 5a = 0. 

9. The co-ordinates of two points are (3, 5) and (4, 4), 
respectively ; find the equation of the line which bisects the 
distance between them and makes an angle of 45° with the 
axis of X. Ans, y — a: — 1 = 0. 

10. Find the perpendicular distance from the origin to 

the line «+? = !. Ans, -— =r« 

2 3 V13 

11. An equilateral triangle whose sides = a, has its ver- 
tex at the origin and its sides equally inclined to the positive 
directions of the axes ; find the co-ordinates of the other 
two vertices and of the point bisecting the base. 

.r = |(V6-fV2), y = |(v^-V2); 
Ans. {x = -^Wq- V2), y = |(a/6 + V^) ; 

12. Find the equation of the lines which pass through 
the point (1, 3) and make an angle of 30° with the line 
2y — a; + 1 = 0. 

Ans. lly — (8 ± 5\/3) a; — 5 (5 T V3) = 0. 

13. Find the cosine of the angle between the lines 

y — 4a; + 8 = ^d y — 6a; + 9 = 0. 25 

^ns. ~ * 

V629 

14. Find the equations of the diagonals of the four-sided 
figure, the equations of whose sides are 

a; = 4, y = 5, y = x, yz=2a;. 

Ans. 4y = 5a; and 3y + 2a; — 20 = 0. 
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15. Find the points of intersection of the lines 

a;+2y— 5 = 0, 2a;+y— 7 = 0, and y— a;— 1 = 0, 

and find the area of the triangle which the lines form. 

Ans. Area = 1^. 

16. The axes of co-ordinates being inclined to each other 
at an angle of 45°, a right line passes through the points 
(2, 3) and (3, 2). Find its equation and the value of a. 

Ans, y=— «-f5, « = tan~^ — • (1 + V2). 

17. The axes of co-ordinates being inclined to each other 
at an angle of 60% find the equation of a line parallel to the 
line {x + y z= 3a), and at a distance from it equal to ^\/3. 

An8» X + y =:2a or x + y = 4a (according to the side 
on which the line is drawn). 

18. Find the polar equation of a line the nearest point 
in which is 8 from the pole, and the perpendicular to which 
makes an angle of 30° with the initial line. Where does 
the line cut the initial line? What values of 6 make r 
infinite ? 

Ans. r = 7^—o7^.; r = ~; (9 = 120° and 300°, 

cos {$ — 30°) ^^3 

19. Find the polar equation of the line perpendicular to 
the initial line, and which cuts it at 3 to the left of the pole. 
What is the value of r when ^ = 60° ? What is the value 
of r when $ is 120° ? 

Ans. r = 7: ; r=i — 6; r= + 6. 

cos ^ ' 

20. Find the polar co-ordinates of the intersection of the 

lines 

2a , * a 

r = ■ and r = 



and also the angle between them. 

Ans. r = 2a, 0=z-; angle = ^' 



CHAPTER III. 



TRANSFORMATION OF CO-ORDINATES. 

32. We saw ia Art 27 that the general equation of a 
right line is of the form y z=i ax + b, but that the equation 
takes simpler forms in particular cases. If the origin is on 
the line, the equation becomes y = aa; ; if the axis of x 
coincides with the linCy the equation becomes y = 0. In a 
similar manner, we shall see that the equation of a curve 
often assumes simpler forms, accord- 
ing to the position of the origin and 
of the axes. For example, the cir- 
cle, Fig. 33', when referred to the 
axes XX', YY', has for its equation 

but when referred to the axes xx\ 
yy', its equation is 

It becomes therefore desirable to be able to change the 
reference of any locus from one set of axes to another, or 
from one system of co-ordinates to another. The operation 
is called the Transformation of Co-ordinates, and may 
consist either in changing the origin without disturbing the 
directions of the axes, or changing the directions of the 
axes without disturbing the origin, or changing both the 
position of the origin and the directions of the axes. 

The axes or system from which we pass is called the Old, 
or Primitive Axes or System; the axes or system to 
which we pass is called the New Axes or System. The 
transformation is effected by substituting for the old co- 
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TRANSFORMATION CHAN^GING ORIGIN ONLY. 




Fig. 34. 



ordinates of any point their values in terms of the new 
co-ordinates of the same point and certain constants. 

33. To find the formulce for passing from one sys- 
tem of co-ordinates to another, the new axes being 
parallel to the old. 

Let OX, OY be the old axes ; 
O'.T, O'y the new axes respectively 
parallel to the old. Let m and n 
be the co-ordinates of the new 
origin referred to the old axes. 
Let P be any point ; x, y its co- 
ordinates referred to the old axes, 
and x', y its co-ordinates referred 
to the new axes. Then 

OA = 7n ; AO' = n ; 

a; = OM = OA + AM = OA H- O'N = w 4- x'\ 

y = MP = MN + NP = AO' + NP = n -fy' ; 

that is, X := m •\' x'y and y := n -\- y\ 

which are the required formulae. 

These formulae are equally true whether the axes be rec- 
tangular or oblique. 

34. To find the formulce for changing the direc- 
tion of the axes without changing the origin, both 
systems being rectangular. 

Let OX, Y be the old axes ; 
Oxy Oy the new axes. Let the 
angle X0:c = a. Let P be any 
point; X, y its co-ordinates re- 
ferred to the old axes ; x', y' its 
co-ordinates referred to the new 
axes. Draw PM and PE paral- 
lel to Y and Oy respectively ; 




t— X 
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and EN and RS parallel to OY and OX respectively. 
Then 

a: = OM = ON — SR = OR cos XOa; — PR sin SPR 

= x' cos a — y' sin a, 

y = PM = RN + SP = OR sin RON + RP cos SPR 

= x' sin a + y' cos a, 

which are the required formulae. 

Hence, to find what the equation of any locus becomes 
when referred to the new axes, we must write 

X cos cc — y sin a for x, 

and X An a + y cos a for y, 

35. To find the general^ formulce for passing frorrv 
one rectilinear system to another. 

Let OX, OY be the old axes ; 
O'x, O'y the new axes. Let 
the angle which the new axis of 
X makes with the old axis of x 
be a ; the angle which the new 
axis of y makes with the old 
axis of ic be i3 ; the angle in- 
. eluded between the old axes be 
w; and let the co-rordinates of 
the new origin be OH = w?, HO' = n. Let P be any 
point, its co-ordinates referred to the old axes being OM = x, 
MP = y; its co-ordinates referred to the new axes being 
O'M' = x'y MT = y' ; then we have, 

a; = OM = OH + O'B + M'N 

sm O BM sm M NP 

. ,sin(w — a) , gin(a) — j3) ,^- 

or X =: m + x' ^ ^ + V ^; ^- (1) 

sm 0) ^ sm 6) ^ ' 
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y = PM = HO' + BM' + NP 

smOBM sin MNP 

. ,siii a . ,8in /3 ._. 

or y = » + a: y y , (2) 

^ sm 6) ^ sin 6) ' ^ ' 

which are the required formulsB. 

Cor. 1. — If the old axes are rectangular, ^^^ = « > and (1) 

and (2) become 

a; = w 4- a;' cos a 4- y' cos ft 

y = w + a;' sin a + y' sin /3, 

which are the formula to pciss from rectangular axes to 
oblique. 

TV 

Cor. 2. — If the new axes are rectangular, = - + a, 

and (1) and (2) become, 

, sin (w — a) , cos (w — a) 

X = m -{- X \ — y ^^ , 

sm 6) ^ sin w 

.sin a ,cos a 

y z=i n + X h V -^ , 

^ sm w '^ sm w 

which are the formulm to pass from oblique aa^s to rectan- 
gular. 

Cor. 3. — If both axes are rectangular, 

6> = - and = --}-a, 

and (1) and (2) become 

X = m + x' cos a — y' sin cc, 
y = n + x' Bin a + y' cos a, 

which are the form^ulce to pass from one set of rectangular 
axes to another set of rectangular axes, not parallel to the old. 
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36. To find the formvlm for passing from a rec- 
tangular to a polar system. 

Let OX, Y be the rectangular 
axes; 0' the poU, and O'A or 
O'A' the initial line. Let m, n, 
be the co-ordinates of 0' referred 
to the rectangular axes. Let P be 
any point in a locus, its co-ordi- 
nates being OM = x, PM = y, 
when referred to the rectangular 
axes ; r, its polar co-ordinates. Let the angle arO'A or 
aO'A' = «. Then 

a; = OM = OB + O'N = 7/1 + d'P cos PO'N 
= wi -f- r cos (B ± a), (1) 

y = MP = BO' + NP = w + O'P sin PO'N 

= w + r sin (^ ± «), (2) 

which are the required formulae. . 

CoR. — If the initial line is parallel to the old axis of a:, 
« = 0, and (1) and (2) become, 

a; = w + ?• cos 0, (3) 

y z=i n + r An6. (4) 

If the pole is at the origin, (3) and (4) become 

a? = r cos Oy (5) 

y = r sin ^. (6) 

37. To find the formulce for passing from a polar 
to a rectangular system of co-ordinates. 

It is easily seen from Pig. 37 that 

r = V(y — nY + (x — mf. 

/a i \ X — m 

cos (d ±a) = 



VQ/ — n^ + {x — mf 



sin (0 ± a) = 



y — n 



V(y — nf + (« — m)« 
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38. The student will bear in mind that no change is 
made in the locus by any of these transformations. The 
assemblage of points which the new equation represents is 
exactly the same as that represented by the old ; but the 
new axes to which the locus is referred occupy a different 
position from that occupied by the old axes ; and therefore 
the equation which expresses this relative position is not 
the same as before. 

EXAMPLES. 

1. The equation of a right line is 

3a; + 5^ _ 15 = ; 

find the equation of the same line referred to parallel axes 
whose origin is at (1, 2). Arts. Sa: + 5y = 2 

2. The equation of a locus is 

a;8 + y^ — 4a; — 6y = 18 ; 

what will this equation become if the origin be moved to 
the point (2, 3) ? Arts. a;2 _|_ ^a =, 31. 

3. The equation of a locus is y^ — a:® = 16 ; what will 
this equation become if transformed to axes bisecting the 
angles between the given axes ? Ans. xy = 3. 

4. Transform the equation 2a^ — 6xy -f 2y^ = 4 from 
axes inclined to each other at an angle of 60°, to the axes 
which bisect the angles between the given axes. 

A718. a^ — 27/ 4. 12 = 0. 

5. Transform the equation y^ + 4ay cot a — 4:ax = 
from a rectangular system to an oblique system inclined at 
an angle a, the origin remaining the same, and the new axis 
of X coinciding with the old. Ans. y^ sin^ « = 4aa;. 

6. The equation of a locus is x^ + y^ + 62?y^ = 2 ; what 
will be the equation if the axes are turned through an angle 
of 45°? Ans. x^-^y* = l. 
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7. Transform a^ + t^zn 7ax to polar co-ordinatee, . the 
pole being at the origin, and the initial line coincident with 
the axis of x. Arts, r = Ha cos S. 

8. Change the equations r^ = a^ cos 20 and r^QOs2d=z a^ 
into equations between x and y, 

Ans. a^ -{- y^ z=z a^{ayi-^f) and a^—y^ = a\ 

39. The following exercises are designed to give the stu- 
dent an opportunity for making an effort to produce the 
equations himself. The fundamental idea of Analytic 
Geometry is that every geometric condition to be fulfilled 
by a point leads to an equation which must be satisfied by 
its co-ordinates. It is important that the student should 
become able to express by an equation any given geometric 
condition; he should understand that ability to investigate, 
to reason for himself, is the chief object for the attainment 
of which he should strive. For this purpose he should 
diligently apply himself in working out examples, until he 
has acquired readiness and accuracy in so doing. In 
attempting to solve these examples, the student will find 
that very much depends upon a proper selection of the 
origin and axes of co-ordinates, and the application of the 
proper equations and formulae. He should, in every case, 
consider the problem well, and form a definite plan before 
he attempts the solution. He will often be unable to carry 
out his original plan, and will have to abandon it, although 
it may have seemed at first the most suitable. Such failures, 
however, are not to be considered as waste of time ; for it is 
only by thorough application that the student is enabled, 
gradually, to become expert in obtaining solutions ; and a 
failure will often suggest some method by which a problem 
may be solved. 

[The student need not necessarily tarry till he has mas- 
tered all the examples in any one article.] 
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1. Prove that the perpendicu- 
lars drawn from the vertices of a 
triangle to the opposite sides meet 
in a point. 

Let ABC be the triangle ; AF, 
BE, CD the perpendiculars. As- 
sume AX and AY as the rectangu- 
lar axes ; and let the co-ordinates 
of B and C be a/', 0, and x\ y , 
respectively. Now, if it can be shown that x' is the abscissa 
of the point of intersection of the perpendiculars AF and 
BE, the proposition will be proved. We therefore have to 
find the equations of AF and BE, and then their inter- 
section. 

Since AC passes through the origin and the point C, 
(x'y y'), its equation (Art. 26, Cor. 4) is 




y 

y =:^,X. 
^ X 



(1) 



Since BC passes through B {x"y 0) and C {x'y y'), its 
equation (Art. 26) is 



y 



T^" _// (^ ^ )• 



X — X 



(2) 



Since BE passes through B {x", 0) and is perpendicular 
to (1), its equation (Art. 28, Cor. 3) is 



X 



y = ,(x — x"). 



(3) 



Since AF passes through the origin (0, 0) and is perpen- 
dicular to (2), its equation is 



jf 



X — X 

y = , — X. 

y 



(4) 



At the point P, where (3) and (4) intersect, their ordi- 
nates must be identical ; hence, equating their values, we 
have 
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y y y 

- (ar — a; ) = , — x. 

y y 






X ^— •€/ • 



That is, the abscissa of the point of intersection of AF 
and BE is the same as the abscissa of the point C ; there- 
fore the perpendicular CD passes through the intersection 
P. [This solution is similar to the one given by Puckle in 
his Conic Sections, p. 77.] 

2. Given the base (= 2iw) of a triangle, and the difiference 
between the squares of its sides 
(=^2), to find the locus of its 
vertex. 

Take for axes the base and a per- 
pendicular through its middle point, 
and let the co-ordinates of the ver- 
tex C be Xy y. Then 



AC^ = (m + a^)^-f y^; 
BC* = (w — xf + 2^2. 

AC^ — BC^ == 4.mx = n\ 




Fig. 39. 



or 



X = 



n' 



4m' 



the equation required. The locus is therefore a line 



w« 



perpendicular to the base, at the distance of -r- from the 



4m 



middle point 



3. A line is drawn parallel to the base of a triangle, and 
its extremities are joined transversely to those of the base; 
to find the locus of the point of intersection of the joining 
lines.* 



* This solution is from Salmon^s Conic Sections, p. 44. 
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Take for axes the sides of the 
triangle, AB and AC. Let AB = «, 
AC = &, and let the lengths of the 
proportional intercepts made by 
the parallel be ka, kb. Then the 
equations of the transversals will 
be as follows; 

X 




Fiff.40. ° 



Equation of BE (Art. 22) is - + |t = 1. 

u KO 

Equation of CD (Art. 22) is ^ + | = 1. 

Subtract one from the other; divide by the constant, 
(1 — T ), and we get for the equation of the locus, 






or y z= -X, 



a right line passing through the origin and the middle 
of BC. 

4. Given the base of a triangle = 2m, and the sum of 
the cotangents of the base angles = w, to find the locus of 
its vertex. 

From Fig. 39 we have, 

, . AD m + X 
cotA = gg=-^, . 



cot B = 



m — X 



y 

Hence the required equation is 

2m 



= n, 



or 



y = 



2m 



y ' - n 

a right line parallel to the base, at the distance 



2m 

n 



from it. 
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5. Given fche base of a triangle = ^m, and the sum of the 
sides = 5 ; let the perpendicular 
to the base be produced beyond 
the vertex until its whole length 
is equal to one of the sides; to 
find the locus of the extremity of 
the perpendicular. 

Take the origin at the middle 
of the base^ axes rectangular, as in 
Pig. 41. The abscissa of P is 
OD = a:, and the ordinate is DP = AC == y. 

BC = « — AC =5 — y; 




tV?=^2 ITr^i 



or 



or 



BC" = AC + AB' - 2AB X AD, 

(« — y)^ = ^ + 4m^ — 4 (?/3t 4- x) m, 

^ — 2«y = — 47wa:; 



therefore, 



2m s 



which is the equation of the required locus, the equation of 
a right line. 



6. Prove that the three perpendiculars through the mid- 
dle points of the sides of a triangle 
meet in a point. 

Suggestions.— \^i, find equation of 
AC ; 2d, find equation of BC ; 3d, 
find equation of FP perpendicular 
to AC ; 4th, find equation of EP 
perpendicular to BC; 5th, find ab- 
scissa of point of intersection of FP 
and EP ; .*. etc. 
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7. Prove that the lines drawn 
from the vertices of a triangle to 
the middle points of the opposite 
sides pass through the same point. 

[Take for axes EB and EC in 
Pig. 43.] 

8. Given two fixed points A and 
B, one on each of the axes of co- 
ordinates, at the respective distances a and h from the ori- 
gin ; if A' and B' be taken on the axes so that OA' + OB' 
= OA + OB, find the locus of the intersection of AB' and 
A'B. Arts, X + y = a -i- b. 

9. PP' = a, and QQ' = S are any two parallels to the 
sides of a given parallelogram, to 

find the locus of the intersection 
of the lines PQ and P'Q'. 

Take AB, AC for the axes of 
co-ordinates; let AQ'=w, AP=w. 





Then, let, find the equation of the — j — ^, ^ 

line joining P (0, w) to Q {m, b) ; Fig. 44. 

/Jd, find the equation of the line 
joining P' (a, n) to Q' {m, 0) ; 3d, add these two equations 

together, and get for the locus, y :^ - a;, the equation of 

the diagonal of the parallelogram. 

10. On the two sides of a right-angled triangle, squares 
are constructed ; from the acute angles, diagonals are 
drawn, crossing the triangle to the vertices of these squares; 
and from the right angle a perpendicular is let fall upon 
the hypothenuse; prove that the diagonals and the perpen- 
dicular meet in one point. [Take the two sides for axesy 
and call their lengths a and d.] 



CHAPTER IV. 



THE CIRCLE. 

40. We shall now consider loci whose equations are of the 
second degree, beginning with the circle, which is the sim- 
plest of these loci. 

A circle is a plane figure bounded by a line every point 
of which is equally distant from a point within called the 
centre. In Analytic Geometry, the term Circle is applied 
indifferently both to the area of the figure and to the bound- 
ing line, while in Plane Geometry the term is confined to 
the area, the bounding line being called the circumference. 

» 

41. To -find the equation of the circle whose centre 
and radius are given. 

Let C be the centre of the circle, 
P any point on its circumference, 
and r the radius of the circle. Let 
a, & be the co-ordinates of C ; ic, y 
the co-ordinates of P. Draw CN, 
PM parallel to OY, and CB parallel 
to OX. Then we have 




Fig. 4G. 



or 



{x-^aY+{y^hY=^r^. (1) 

This equation is true for every position of P; hence it 
expresses the relation between the co-ordinates of every 
point of the circle, and is therefore the required equation. 

If the axes are oblique, and inclined to each other at an 
angle = o), the equation is 

(a; — a)2 + (y — hf + 2 (.r — a) {y — *) cos w = /«. (2) 
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Cob. 1. — ^If the origin be transferred to the centre of the 
circle, then a = 0, J = 0, and equation (1) becomes 

ic2 + y^ = r2. (3) 

This equation may be written 

J + $ = l» (4) 

a form analogous to that of the equation of a right line, 



X 



y ^ 



-4-1 = 1. [See Art. 22,11.1 
ah ^ -* 

Cor. 2. - If the origin be transferred to the circumference, 

and the diameter which passes through the origin be taken 

for the axis of x, then a=:r, J = 0, and equation (1) 

becomes 

{x^rf + y^ = r^, 

or y2 — 2ra; — o^. (5) 

It may be observed here that, if the origin is on the curve, 
there will be no term which does not involve either a? or y ; 
for the equation is satisfied by the co-ordinates of the ori- 
gin, a: = 0, y = 0. The same argument proves that if an 
equation of any degree loants the absolute term, the curve 
represented passes through the origin. 

In equation (5) we suppose the origin to be at the left- 
hand vertex of the diameter. This convention is adopted 
by custom. 

CoR. 3. — To find where (1) cuts the axis of Xy we make 
y = Oj and have 

xz=i a± Vr^ — ^. 

If 1^ <Z7^y the two values of x are real and unequal^ 
showing that the curve cuts the axis of a? in two points. 

If ^ = r^, the two values of x are real and equal, show- 
ing that the curve touches the axis of x\ that is, is tangent 
to it. 
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If A* > r®, the two values of x are %magi7iaryy showing 
that the curve does not cut the axis of x. 

Similarly, it may be shown that the curve cuts the axis 
of y in two points, is tangent to the axis of y, or does not 
cut the axis of y, according as a' < r*, = r*, or > r*. 

Cob. 4. — To find where (3) cuts the axis of tr, we make 
y = 0, and get a; = ± r, showing that the curve cuts the 
axis of X in two points on different sides of the origin, at 
the distance r from it. 

To find where (3) cuts the axis of y, we make ar = 0, and 
obtain y = ± r, showing that the curve cuts the axis of y 
at r above and r below the origin. 

Solving (3) with respect to y, we obtain, 



y = ± Vr^ — a?*, 

which shows that, for every value of x between + r and 
— r, y has two real values, numerically equal, with con- 
trary signs ; hence the curve is symmetrically situated with 
respect to the axis of x. If a: = + r or — r, the two 
values of y are equal to 0, which shows that the ordinates at 
these two points are tangent to the curve. If a; > + r or 
<. —r, y becomes imaginary, which shows that the curve 
does not extend beyond the two tangents just described. 

Similarly it may be shown that the curve is symmetrical 
with respect to the axis of y, and that it does not extend 
beyond the two tangents drawn through the extremities of 
the vertical diameter. 

Cob. 5. — To find where (5) cuts the axis of x, we make 

y = 0, and obtain 

X (2r — x) = 0. 

This equation is satisfied by supposing a; = 0, or 

2r — a: = 0, 

from the last of which we get, 

X = 2r; 
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hence the curve cuts the axis of x at the origin, and at the 
distance %r to the right of it. 

To find where the curve cuts the axis of y, we make 
a; = 0, and obtain y = ± 0, which shows that the curve 
touches the axis of y at the origin. 

CoR. 6. — If {x'y y') and {x"^ y") be any two points on 
the curve, we shall have from (3), 

y? = r3 — a;'2; y"^ = r^ — x"K 

Hence, forming a proportion, we have,. 
y'2 . y"2 : . ^r■^ x) (r + x') : (r - x") (r + a?"). 

That is, the squares of any two ordinates to any diameter 
are to each other as the rectangles of the segments into 
which they divide the diameter. 

EXAM PLES. 

1. The equation of a circle is 

Q? -^f -h 4a; — 8y — 5 = 0; 
find the co-ordinates of the centre, and the radius. 
Writing the equation in the form of (1), it becomes 

from which we see that the co-ordinates of the centre and 
the radius are ( — 2, 4) and 5. 

2. The equations of two circles are 

ic2 ^ y2 __ 2a; + 4y -f 1 = 0; 
3a;3 ^ 3y2 _ 5a; _ 7y _|_ 1 -_ q; 

find the co-ordinates of the centre, and the radius in each 

circle. i (^' "" ^) ^^* ^_P *^® ^^^^ *^^^ > 

' ( {\j i) aod |a/62 in the second. 
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3. Form the equation of the circle whose centre is (3^ 4), 
and whose radius = 2. 

Am. ic* + jr^ — 6.r — 8y + 31 = 0. 

4. Form the equation of the circle whose centre is 
(5, — 3), and whose radius = V7, when w = 60°. 

Ans, x^ + y^ + xy—lx + y -\-l% = 0. 

6. Find the equation of the circle which passes through 
the points (— 6, — 1), (0, 0), (0, — 1); and also the co- 
ordinates of the centre, and the radius. 

[These three sets of co-ordinates must each satisfy equa- 
tion (1), giving three equations from which to obtain the 
values of at, b, and r.] 

Ans. Q^+f+^x-\-y = 0; and (— 3, —J) and iA/37. 

6. Find the equation of a circle referred to its diameter 
and left-hand vertex that shall pass through the point (2, 3). 

Ans. 1^ = ^x — a^, 

42. To find the equation of the tangent at any 
point of a circle. 

The Tangent to any curve is the line joining two indefi- 
nitely near points on that curve. 

Hence, its equation will be found by first forming the 
equation of the secant drawn through any two points 
{x'y y'), {x", y") on the curve, and then allowing the first 
point to remain fixed while the second moves on the curve 
up to the first; the secant in its limiting position will 
become the tangent to the curve at the first point, and the 
equation of the secant will become the equation of the 
tangent. 

The equation of the circle, the origin at the centre, is 

ic8 + y» = r«. (1) 
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The equation of the secant through {x\ y') and {x'\ y") is 

y-y- = ^r^, {X - X-). (2) 



X — X 



Since (x', y') and {x", y") are both on the circle, they ill 
satisfy equation (1) ; therefore, 

x'^ +y"^ = r2, (3) 

and x"^ 4- y"^ = r^. (4) 

Subtract (4) from (3), transpose and factor, and we have 
iy' — y") {y' + y") = — (a;' - x") (x' + x") ; from which 

y' _ y" x' + X" 

we obtain —, — -~j = j-^—rr Hence, substituting in 

X — X y "^ y 

(2), it becomes 

y-y' = -^%±-'^,{x^xy (5) 

if if y +y ^ ^ ^ ' 

Now when the second point coincides with the first, we 
have ic" = x\ y" := y' ; therefore (5) becomes 

y-&' = -^>{^-^'), (6) 

which is the equation of the tangent at the point (x', y'), 

x' 
> being the tangent of the angle which the tangent to 

y 

the curve at the point (a:', y') makes with the axis of x. 

Multiplying (6) by y\ transposing, and remembering that 
a;'8 + y2-_^^ we get 

xx^ + yy' = r\ (7) 

a form very similar to the equation of the circle. 
Equation (7) may be written, 

^ +^ = 1, (8) 

a form analogous to that of the equation of a right line. 
(See Art. 22, II.) 
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43- To find the equation of the nonndL at any 
point of a circle. 

The Normal at any point of a curve is the right line 
drawn thr(mgh tJujU point at right angles to the tangent to 
the curve at the same point. 

The equation of the tangent to a circle at the point 
{x', y% Art. 42, is 

xx' + yy' = r8, 

X' 7^ 

or y =• ,x -\- -I 

y y 

therefore (Art. 28, Cor. 3), the equation of a right line 
through {x\ y') perpendicular to the tangent at the same 
point, is 

y-y =^r{x-'X), or y = |'^- 

Since this equation is satisfied by the values a; = 0, 
y = 0y the normal at any point passes through the origin 
of co-ordinates, that is, through the centre of the circle. 

ScH. 1. — The Subtangent is the distance from the point 
in which the tangent intersects the axis of a; to the foot of 
the ordinate from the point of tangency ; or it is the pro- 
jection of the corresponding portion of the tangent upon 
the axis of x. 

ScH. 2. — The Subnormal is the distance from the foot 
of the ordinate of the point in the curve to which the nor- 
mal is drawn to the point of intersection of the normal with 
the axis of a; ; or it is the projection of the corresponding 
portion of the normal upon the axis of x. 

In Fig. 46, TP is the tangent to the curve at the point P; 
MP is the ordinate of the point of tangency ; PN, the nor- 
mal; MT, the svbtangent; MN, the subnormaL 
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From the figure we have 

MP 



TM = 



tan MTP ' 



or, SuUangent (Art. 43) = — v 

Also, MN = MP tan MNP ; 
or, Subnormal = — x\ 



'2 




Fig. 46. 



which shows that the normal passes through the centre of 
the circle. (See Art. 43.) 



EXAMPLES. 

1. Find the equation of the tangent to the circle 

a:2 + ^2 = 25, 

at the point whose abscissa is V7. 

Arts, "sflx ± 3y = 25. 

2. Find the subtangent in the last example. 

Ans, Subtangent = — 



V7 



3. Find the equations of two right lines which touch the 
circle ^ '\- y^^z 10, at points the common abscissa of which 
is one. Ans, a^ ± 3y = 10. 

44. If the equation of a circle be given in the form 

(a;-a)2+(y-5)2 = r3, (1) 

we may find the equation of the tangent at any point, in 
the same way as in Art. 42. 

Let (pil y y') be the point on "the circle at which the tan- 
gent is drawn; {x", y") a second point on the circle; then 
these points will satisfy (1), giving 

{x' - «)» + (y' - Vf = ,^ (3) 

(x" — a)« + (y" - by = »•». (3) 
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Subtract (3) from (2), transpose and factor, and we have 
{x' - x'') (x" + x'-^ 2a) + (y' - y" ) {y" + / - 2b) = 0, 
from which we obtain, 

y' - y" _ _ <^" + x'--2a 

x' - x" ^ y" + y' - 2h ^^ 

Substituting (4) in the equation of the secant through 
{x'y y') and (x'\ y"), we have 

x" + x' — 2a . ,v .^v 

When the second point coincides with the first, we have 
x" = x', y" = y'y and (5) becomes 

, X — a f ,v 

y-y = -^T^-^C^-^)- 

Clearing of fractions, transposing, and factoring, we have 

(X - a) {x' ^a) + {y- h){y' - &) = r^, (6) 

which is the equation of the tangent required, a form easily 
remembered, from its similarity to the corresponding equa- 
tion of the circle. 

EXAMPLES. 

1, Find the equation of the tangent to the circle 
(a; _ 2)2 + (2^ — 3)2 = 10, at the point (5, 4). 

Ans. 3a; 4- y = 19. . 

2, Find the equation of the tangent to the circle 
a« -(. y2 _ 2y — 3aj = 0, at the origin. 

Ans, 2y + 3a; = 0. 

3, Find the equation of the right line passing through the 
origin, and tangent to the circle x^ + i^ — 3a; + 4y = 0. 

Ans. 4y — 3a; = 0. 

4, Find the equations of the tangents from the origin to 
sfij^y^^ 6a; -^2y + 8 = 0. 

Ans. a; — y = 0, and a* 4- 7y = 0. 
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45. To find the co-ordinates of the points in which 
a given right line y = ax + h intersects a given 
circle ot? + y^ = r^. 

Equating to each other the two values of y found from 
the two equations, we have, for determining the abscissas of 
the points of intersection, the equation 

(1 + a2)a;« + %alx = r^ — J^. 

hence, .: = ^a^±^V^fW^^ 

1 4- «^ 

giving us two roots, real and unequal^ equal or ima^inary^ 

according as (1 + c^) r^ is greater than, equal to, or less 

than ^. 

Hence, when the first of these conditions occurs, the 

right line will meet the circle in two real and different 

points; when the second, in two consecutive or coincident 

points, becoming a tangent (see Art. 42) ; when the third, 

in two imaginary points. 

By Consecutive Points is meant 'points ivhose distance 
apart is infinitely small ; that is, so small that we cannot 
assign a value too small for it. We may assign the value 
0, and take the points as absolutely coincident, and hence 
they may be designated as Coincident Points, which is 
the language of pure Geometry; the term consecutive is 
peculiar to the Analytic method. 

By an Imaginary Point is meant a point, one or both 
of whose co-ordinates are imaginary. It really means, when 
translated into the language of pure Geometry, that tlte 
corresponding point not only does not exist, hut is impossible. 
It is a purely analytic conception, and has no geometric 
meaning, just as imaginary roots of an equation have no 
arithmetic meaning attached to them ; and yet there are 
cases in which the line joining two imaginary points is real^ 
and has all the geometric properties of the corresponding 
line joining two real points. 



LENGTH OF TANGENT FROM A GIVEN POINT 79 



EXAMPLES. 

1. Find the points of intersection of the circle a^ + y^ = 25, 
and the line y + a; + 1 = 0. 

Ans, (—4, 3) and (3, —'4). 

2. Find the points of intersection of the circle Q^-\-y^ = 25, 
and the line 3y + 4a: + 25 = 0. 

Ans. The line touches the circle at ( — 4, — 3). 

3. Find the intersections oix^+i^ = ^b and 3a?4-y = 25. 

Am. (7, 4) and (8, 1). 

4. Find the intersections of a:^+^ = 25 and x-{-y = —5. 

Ans. (0, — >5) and (— 5, 0). 

5. Find the points in which the circle a:^ + y^ -- 9 inter- 
sects the lines 

x + y + 1 = 0, 

a; + y — 1 = 0, 

2a; + y^/b = 9. 

^(1.55, —2.55) and (—2.55, 1.55); 
Ans. < (2.55, — 1.55) and*(— 1.55, 2.55) ; 
tangent at (2, V^). 

46. To find the length of the tangent drawn from 
any point to the circle. 

(x-af-\-(y^hY=ir^. (1) 

Let {x!, y) be any point in the plane of the circle whose 
centre is (a, h)\ then (Art. 9), for the distance between 
(a:, y) and (a, h) we have 

V(a:'-a)2+(y-*)2; 

and since this distance is the hypothenuse of a right-angled 
triangle whose two sides are the radius of the circle and the 
corresponding tangent, we have, calling the tangent ty 

P = {x' - a)2 + {y' - by - r^i (2) 
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from which we see that if the co-ordinates of any point be 
substituted for x and y in the equation of a circle, the 
result will be the square of the length of the tangent drawn 
from that point to the circle. 

EXAMPLES. 

1. Given the two circles 

(2.-2)2 + (y-f)2 = 3i; 
(a? + 3)2 +(y + 4)^ = 34; 

to find the locus of a point such that the tangents drawn 
from it to the two circles shall be of equal length. 

Let (Xy y) be the point ; then by the present Art., the 
squares of the tangents from {x, y) to the two circles are 

{X - 2)2 + (2^ - if - 3}, (1) 

{X + 3)2 4- (y + 4)2 - 34. (2) 

Now since these two tangents are to be of equal length, 
(1) miist equal (2) ; from which we find, 

iox + Uy — 16 = 0, (3) 

which is the equation of the required locus; this locus is 
a right line, and is called the radical axis of the two given 
circle's. Hence, the Radical Axis of two Circles is a 
right line, from any point of which if two tangents be drawn 
to both circles, the two tangents taill be of equal lengths. 

The equation of the line through the centres of the given 
circles is 



^-*=(It-3)<^-^>' 



+ 

or lOy — 13a; + 1 = 0. (4) 

Comparing (3) and (4) we see (Art. 27, Cor. 1) that the 
radical axis of the circles is perpendicular to the line which 
joins their centres. 
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2. Find the radical axis of 

(a;-2)2+(y~ 1)2 = 1. 

Ans. X -^ y = ^, 

3. Find the radical axis of 

(a:-l)2+(y-2)2 = 6, 
(a;~2)2+(y-3)2 = 8. 

Ans. X + y = 3, 

4. Find a point from which the tangents drawn to the 

three circles, 

(x^iy^ii/-^ 2)2 = 7, (1) 

{X - 3)2 + / = 5, (2) 

(X + 4)2 +(y + 1)2 = 9, (3) 

shall be eqnal. 

It is clear that the point lies on the radical axis of (1) and 
(2), and on the radical axis of (1) and (3) ; it is therefore at 
their intersection. This point is called the Radical 
Centre. 

5. Find the radical centre of {x — 5)2 + (y — 6)2 = 4, 
(a;-3)2 + (y- 1)2 =1, {x + 1)2 + (y + 2)2 = 9. 

Am. (-a, W)- 

47. Tangents are drawn to a circle from a given 
external point ; to find the equation of the chord of 
contact. 

Let a;', y' be the co-ordinates of 
the external point P'; x^\ y" the 
co-ordinates of the point P", where 
one of the tangents from P' meets 
the circle ; a:, , y, the co-ordinates of 
the point P, , where the other tan- 
gent from P' meets the circle. Then 
P'Ti will be the line whose equation 
is required. 




Frg. 47. 
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The equation of 4;he tangent at P" (see Art. 42) is 

XX" + yf = r\ (1) 

and since this tangent passes through P', the co-ordinates of 
P' must satisfy the equation ; hence we have 

x'x" + y'y" = r2 (2) 

Also the equation of the tangent at P, is 

x^i + yyi = ^^ (3) 

and since this tangent passes through P', its co-ordinates 
must satisfy the equation, giving 

x'^i ■+- y'yi = ^- (4) 

Hence it follows that the equation of the chord of con- 
tact, P'Ti, is 

xx' + yy' = r^. (5) 

For (5) is the equation of some rigid line (Art. 23) ; and 
this line passes through P", for (5) is satisfied by the values 
X = x'\ y = y", as we see from (2). Also, the line passes 
through P, , for (5) is satisfied by the values a: = rr, , ^ = y, , 
as we see from (4). Hence (5) is the required equation. 

48. Through any fixed point a chord is drawn to 
a circle, and tangents to the circle are drawn at the 
extremities of the chord ; to find the equation of the 
locus of the intersection of these tangents when the 
chord is turned about the fixed point. 

Lfet {x', y') be the fixed point F 
through which the chord passes; and 
{x\ y") the point P" in which the 
two tangents drawn at the extremities 
Q, R of the chord,, intersect. The 

equation of the chord of contact 

(Art. 47), is Fig. 48 

xx" + yy" = r\ (1) 
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But since this chord passes through (x\ y'), we have 

x'x" + y'y" = r2. (2) 

ISTow if the chord turns about the fixed point {x\ y'), tlie 
intersection {x", y") of the two corresponding tangents is 
any point in the required locns; that is, the co-ordinates 
x"y y" of any point in the required locus satisfy the equation 

xx' + yy' = ra, (3) 

which is therefore the equation required, and the locus is a 
right line. 

49. The line xx' -|- yy' = r^ is called the Polar of the 
point (x', y') with regai'd to the circle a^ -^ y^=:r^; and the 
point (x', y') is called the Pole of the line. 

It will be seen (Art. 48) that if {x\ y') be any point tvhat- 
ever, the equation xx' -\- yy' =r^ represents tlie locus of the 
intersection of the tangents at the extremities of the chord 
through {x', y').^ 

If {x', y') be an external point, the equation xx' +yy' = r* 
represents the chord of contact (Art. 47). 

If {x, y') be on the circle, the equation xx' + yy' = r* 
represents tlie tangent at that point (Art. 42). 

That is, the three equations are identical ; the position 
of the point {x', y') in Art. 48 is not subject to any limita- 
tion ; hence, wherever the point (x', y') may be, the equation 
xx' -^ yy' z=z7^ represents the locus of the intersection of 
tangents drawn at the extremities of chords which all pass 
through {x', y'). If the point be witliout the circle, this 
locus is identical (Art. 47) with the chord joining the points 
of contact of tangents drawn from {x', y'). If the point be 
071 the circle, the locus is (Art. 42) the tangent at the point 

Note. — The limits of this treatise forbid us from pursuing this 
subject further. The student who wishes to go on with it, is referred 
to more extended works on Conic Sections, such as Salmon's, Tod- 
hunter's, Puckle's, etc. 
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POLAR EQUATION. 
50. To find the polar equation of the circle. 

Let be the pole, C the centre of 
the circle, and OX the initial line. 
Let the co-ordinates of the centre be 
the known quantities, r', 0', and the 
co-ordinates of any point P be r, 0, 

and R the radius of the circle. Then 

we have (Art. 14), Figt 49t 

R = y/'r^ + r'2 — %rr' cos ifi — d') ; 

or r2 — 2rr'co8(0-^') + r'2 — i28 = 0, (i) 

which is the equation i*eqnired. 

CoE. 1.— Solving (1) for r, we obtain 

r = r' cos (^ - B') ± \/W^~r'^ am^d -0'). (2) 

These two values of r in (2) are the two distances from 
the pole to P and P', and are real and unequal, or real 
and equal, according as r'^ sin^ (0 — 0') < or = iP; or 



when sin2 {0 — 0') < or = 



r'2 



But when 



sin2 {0 - 6') = 






we have 



sin {e -e') = ±^. 



showing that there are two positions in which r is tangent 
to the circle. The condition 

8in(^~0')= +^ 

gives the upper point of tangency, for which 6 > S\ The 
condition 

sin(e_fl') = _^ 
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gives the lower point of tangeney, for which <^<^, or 
B^& is — , and hence sin (0 — ^') is — . From equa- 
tion (2) we see that the two values of r have the same, or 
different signs, according as 



I 



VW^r'^ sin2 (i) — 0') < or > r' cos {B — B'). 

In the former case, the pole is without the circle ; in the 
latter it is within, 

CoR. 2. — If 6' = 0, the diameter is the initial line, and 

(1) becomes 

r» — 2rr' cos + /« — iP = 0. (3) 

If, in addition, the pole be on the circumference, r' = R, 

and (3) becomes 

r = 2R cos (?, (4) 

a result which we might have obtained at once geometrically 
from the property that the inscribed angle in a semicircle is 
a right angle. 

These polar equations may be deduced from the equations 
referred to rectangular axes (Art. 41) by putting r cos 6 
and r sin 6 for x and y respectively. The student should 
deduce these equations by this method. 

EXAMPLES. 

1. Find the points where the axes are cut by 

afi + y^ — 6x — 7y + 6 = 0. 

By making alternately y = 0, a? = 0, in the given equa- 
tion, we find that the points are determined by the quadratics 

giving us the points, 

X = 3, X =: 2; y = 6, y = L 
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2. Find the equation of the circle which touches the axes 
at the distance of 5 from the origin. 

Ans. x^ + y^ — lOx — lOy + 25 = 0. 

3. Find the equation of the circle whose centre is at the 
origin, and whose radius = 3, the axes being inclined at an 
angle of 45°. j^^s, x^ ^ y^ -{■ xyVi — 9 = 0. 

4. Find the equation of the circle whose centre is at 

(— i, — i)? and whose radius = -— , the axes being in- 

V3 
clined at an angle of 60°. 

Ans. OD^-^-^ + xy-^-x + y—l = 0. 

5. Find the relation between at, S, r, in order that the line 

may touch the circle a:® ^ ^2 _- ^^ ^2) 

Comparing (1) with (8) in Art. 42, we have 

1 x' x' r , 1 y' y' r 

" = -9 or - = -; and T = 3 or - = t; 

x' y' 

Substituting these values of — and - in (4) of Art. 41, 

we have 

r^ , r^ _. Ill 

^2 + ^2 - 1 > or ^ = a^ + W 

6. Find the equation of the circle whose centre is at the 
origin of co-ordinates, and which is touched by the line 
y = 2a; + 3. Ans. a? -^ y^ z=. \. 

7. On a circle whose radius = 6, a tangent is drawn at 
the point whose ordinate is 4. Find where the tangent cuts 
the two axes, and also determine the angle which it makes 
with the axis of x. 

8 /- 

Ans. It cuts the axes at — — and 9 ; angle = tan~^ iv5. 

V5 
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8. Find the pole of 3a; + 4^ = 7 with regard to 

ar^ 4- y* = 14. 

Arts, (6, 8), as appears from comparing the given equa- 
tion with xx' + yy' = r®. 

9. Find the pole of 2a; + 3^ = 6 with regard to 

x^^f^ = 18. Atis. (6, 9). 

10. Show that the polar of the point {x\ y') with regard 
to the circle (x — aY + (y — d)^ = r^ is 

11. Find the polar of (4, 4) with regard to 

{x — 1)2 + {y — 2)2 = 13. 

Ans. 3.r 4- 2y = 20. 

12. Find the polar of (4, 5) with regard to 

a« -I- ?/3 — 3a: — 4y = 8. 

Ans, bx + 6y = 48. 

13. Find the pole of 2a; -f 3y = 6 with regard to 

(a; - 1)2 + (y - 2)2 = 12. 

Arts. (—11, — 16). 

14. Find the polar equation of the circle whose centre is 
at 1 8, ^ ), and whose radius is 10 ; and determine where the 
circle cuts the initial line. 

» 

Alls. Equation is r* — 8 \/2 (sin © + cos ^) r = 36 ; cuts 
the initial line at r = (4 ± \/34) \/2. 

15. Find the polar equation of the circle whose centre is 

|15, » K and whose radius is 10; and determine the values 

of B when the radius-vector is tangent to the circle. 

. j Equation is r> — 30r sin ^ = — 125 ; 
^^^'•|0 = cos-^(±|). 
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16. Determine what is represented b; the equation 

r2 _ ra cos 2^ sec ^ — 2a3 = 0. 

. (A circle whose equation is r = 2a cos dy 

' 1 and a right line whose equation is r = — a sec ft 

17. Determine the radius and the centre of the circle 

7-2 — 2r (cos + V3 sin 0) = 5. 

[Compare with (1) in Art. 50.] 

A71S. Radius = 3 ; r' = 2, ^' = ^- 

o 

18. A limited right line moves so that its extremities are 
always on the co-ordinate axes; show that the locus of its 
middle point is a circle. 

19. Show what the equation of the circle becomes when 
the origin is on the circumference, and the axes are inclined 
at an angle of 120°, the parts of them intercepted by the 
circle being h and k. 

Since the origin is on the curve, the absolute term is zero 
(Art 42, Cor. 2) ; therefore the equation of the circle to- 
ferred to oblique axes (Art. 42), when expanded, becomes 

x^-^y^+2xyco8(A)—2{a-\-bco8(A))x — 2(b+aco8(»))y z=0, (1) 

Making alternately y = 0, a; =i: 0, we have, for determin- 
ing the intercepts on the two axes, 

a^ — 2{a -{- b cos w) a? = 0, 
y2 — 2 ( J + a cos 0)) y = 0. 

X =1 2(a + b cos w) = h, 
y = 2{b -{- a cos w) = k. 

When 0) = 120°, cos w = — i ; .*. (1) becomes^ 
st^ + y^ — xy — hx — ky = 0, Ans. 
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20. Find the inclination of the axes in order that the 

equation 

7^ + l^ — xy '-hx--hy ^= 

may represent a circle ; and find the length of the radins 
and the co-ordinates of the centre. 
[Compare with (2), Art. 42.] 

I 0) = 120° ; 
Ans, I co-ordinates of the centre = A ; 
( radins = h. 

21. Find the inclination of the axes in order that the 

equation 

^ + y^ -{- xy — hx — hy = 

may represent a circle, and find the length of the radins and 
the position of the centre. 

Ans. u) = 60° ; « = } = -; r = — ;=• 

22. Given the base of a triangle = 2m, and the sum of 
the squares on its sides = 2^, to find the locus of its vertex. 

[Take the base and a perpendicular through its centre for 
axes.] Ans. x^ + y^ = s^— m\ 

23. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant; show 
that the locus of the point is a circle. 
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CHAPTER V. 

THE PARABOLA. 

61. In the previous chapters we investigated various 
properties of right lines and circles. We shall now proceed 
to consider three curves, commonly called conic sections, 
which rank next in importance and interest to the right 
line and circle. 

A Conic Section is the locus of a point moving in a 
plane so that its distance from a fixed point bears a constant 
ratio to its distance from a fixed right line. K this ratio is 
unity y the locus is a Parabola; if less than unity an 
Ellipse; \i greater than unity, an Hyperbola. • The fixed 
point is called the Focus, and the fixed right line is called 

We might begin by producing the general equation of a 
conic section, and aftei-wards applying it to the parabola, 
ellipse, and hyperbola, in succession ; f but we prefer to find 
the equation of each conic section separately from its defi- 
nition, beginning with the parabola, because it is the sim- 
plest of the three. 

Remakk. — It will be shown hereafter, that if a right cone with a 
circular base be cut by a plane, the curve of intersection will be one 
of the following: a parabola, an ellipse, an hyperbola, a circle, one 
right line, two right lines, or a point. Hence, the parabola, ellipse, 
and hyperbola are called conic sections, which term may also be ex- 
tended to include the circle, one right line, two right lines, and the 
point. It was from this point of view that these curves were first 
examined by geometers. It will be shown hereafter that every equa- 
tion of the second degree between two variables is the equation of a 
conic section. 



♦ Todhnnter's Conic Sectione, p. 116. 

t See O'Brien's Co-ordinate Geometry, p. 62. 
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Fig. GO. 



52. A Parabola is the locus of a point moving in a plane 
so that its distance from a fixed point is equal to its distance 
from a fixed right line. The fixed point is called the 
Focus; the fixed right line is called the Directrix; the 
right line through the focus perpendicular to the directrix 
is called the £kJDB of the curve ; the }X)int in which the 
axis cuts the curve is called the Fnncipal Vertex. 

From the definition, the parabola 
may readily be constructed by points, 
thus: Let F be the focus, CD the di- 
rectrix, and OX through F perpen- 
dicular to CD the axis. The point A, 
midway between and F, is a point 
of the curve, and is the vertex. Take 
any point on the axis, as M, and erect 
MP perpendicular to it. With F as a 
centre and OM as a radius, describe 
an arc cutting MP at P. This will be a point of the curve, 
for we have FP = DP. In the same way, any number of 
points may be constructed ; di'awing a line through them, 
it will be the required curve. 

The curve may also be described by 
a continuous movement. Let CD be 
the directrix and F the focus. Take 
a triangular ruler, RDE, right-angled 
at D, and place one side DE on the 
directrix; take a string, equal in 
length to ED, and attach one end at 
E, and the other at F ; then press a 
pencil against the string, keeping it 
continually tight, with the point P 
against the ruler, and slide the ruler along the directrix; 
the path of the pencil will be a parabola, for in every posi- 
tion of P we shall have 

PD = FP. 
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EQUATION OF PARABOLA. 




Fig. 9li 



therefore, 
that is. 



or 



53. To find the equation of the parabola. 

Let F be the focus, YY' the direc- 
trix, OX the axis of the parabola. 
Take OX and OY for the co-ordinate 
axes. Let x, y be the co-ordinates of 
any point P in the locus, and put p = 
the constant distance OF. Draw PM 
and PD respectively perpendicular to 
the axes of x and y, and join FP. 
Then we have, from the definition, 

FP = PD; 
FM2 + MP2 = PD2; 

{x — pY +f = a?y 

f = ^p{x-^ \p\ (1) 

which is true for every position of P ; hence it is the equi^- 
tion required. 

When y = 0, a; = i/?, which shows that the curve cuts 
the axis of x at the distance ^p to the right of the origin, 
or midway between and P. 

K we move the origin to A, and keep the new axes paral- 
lel to the old, the equation will be simplified. The formulse 
for transformation (Art. 33) are x^=^p + x'y y=iy'\ 

therefore (1) becomes 

y'^z=z%px'', 

or removing the accents, since x and y are general variables, 

we have 

y^ = 25jt?a?, (2) 

which is the equation of the parabola referred to its axis and 
the tangent at the principal vertex. 

Cob. 1. — When y = in (2), we have a; = 0, which 
shows that the curve cuts the axis of x at the origin. When 
aj = 0, y = ± 0, which shows that the axis of y is tangent 
to the curve at the origin. 
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Cob. 2. — Solving (2) for y, we get 



which shows that for positive values of x there are two real 
values of y, numerically equals but with contrary signs. 
Hence, for eveiy point P on one side of the axis of x, there 
is a point P' on the other side, at the same distance from it ; 
and therefore the curve is symmetrical with respect to the 
axis of x. If we suppose p to be positive, which is the case 
when the focus is to the right of the origin, we see that 
negative values of a: do not give real values of y; hence, no 
point of the curve lies to the left of the axis of y. As x may 
have any positive value whatever, the curve extends to an 
infinite distance in the direction of positive abscissas. In 
the same way, if we suppose p to be negative, or the focus 
to be to the left of the origin, it may be shown that no part 
of the curve lies to the right of the origin, while it extends 
without limit to the left of it. 

Cob. 3. — To find the value of the ordinate passing through 
the focus, make x == ip, and get, from (2), 

y^ zzz p^y or 2y = 2p. 

Hence, the double ordinate passing through the focus is 
equal to the constant quantity 2p. This double ordinate 
through the focus of a conic section is called the Principal 
Parameter, or Latos Rectum. 

Cob. 4.— From (2) we have the proportion, 

X : y : : y : 2p; 

that is, 2p, the latus rectum^ is a third proportional to any 
abscissa and its corresponding ordinate. 

Cob. 5. — If {x\ y') and {x", y") be any two points on the 
curve, we shall have, from equation (2), 

r'2 = 2px'; y"^=z 2px". 
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Hence, forming a proportion, we have 



y'' •■ y"' 



X » X » 



That is, the squares ef any Uvo ordhiates are to each other 
a^ their corresponding abscissas. 

CoK. 6. — A point is outside, on, or 
inside the parabola, according as 

f — 'Zpx>, = , or < 0. 

Thus, if the point is on the curve, 
as at P, its co-ordinates satisfy the 
equation of the curve, giving 

y^ — %px = 0. 




Fig. 62. 



If the point is otitside of the curve, as at B, its abscissa 

will be less than at P, while its ordinate will be the same, 

giving 

y^ — 2px > 0. 

If the point is inside of the curve, ae at C, its abscissa will 

be greater than at P, while its ordinate will be the same, 

giving 

y^ — 2px < 0. 



54. To find the equation of the tangent at any 
point of a parabola (see Def., Art. 42). 

Let (x', y') and {x", y") be vany two points on the curve. 
The equation of the secant through these points is (Art. 26) 



./' 



y-y =^r^'^^~^^- 



(1) 



Since {z', y') aud {x", y") are on the parabola, they will 
satisfy its equation, giving as 



y"» = 2px". 



(2) 
(3) 
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Subtracting (3) from (2), factx)ring, and dividing, we have 

y' - y" _ '^P 

x' — x" ~ y' + tf''' 
which, substituted in (1), gives 

y — y = / . „ (x — x). 



(4) 



When the points become consecutive, y" = y'; hence (4) 
becomes 



y-y' = ii'«- ^')' 



(5)' 



Clearing effractions, and substituting for y'^ its value in 
(2), we have 

yy' = ;H^ + ^% (6) 

which is the required equation of the tangent at {x', y'). 
This equation may be written 



= I (^ + a;'), 



(7) 



in which — , is the tangent of the angle which the tangent 
line at the point {x', y') makes with the axis of x, 

CoR. — To find the point in which the tangent cuts the 
axis of X, make ^ = 0, in (6), and we have 

-=2 p{x -\- x')\ .'. a: = — x' ; 

that is, the suhtangent is bisected at the vertex, 

ScH. — This result enables us to 
draw a tangent to the curve at a 
given point. Let P be the given 
point, and MP its ordinate. Lay 
off AT to the left of the origin 
equal to AM. Draw a line through 
T and P, and it will be the tangent 
required. ' Fig. 63. 




96 



PROPERTIES OF NORMAL AND TANGENT, 



55. To find the equation of the normal at any 
point of a parabola. 

Let (x\ y') be the point ; the equation of the tangent at 
{x', y% (Art. 54), is 

y = ^,{x + xy • (1) 

The equation of a right line through (a/, y') perpendicu- 
lar to (1) is, by Art. 27, Cor. 2, 



y-y' = -|(«-A 



(2) 



which is the required equation of the normal at the point 

W, y')- 

CoR. — To find the point in which the normal at (a:', y') 

cuts the axis of a;, we make y = in (2), and get, after 

reduction, 

X = x' + p; or X — x' =i p. 

That is, the sulmormal is constant, and equal to half the 
latus rectum, 

ScH. — This famishes a second 
method of drawing a tangent to a 
parabola, at a given point. 

Let P be the given point, and PM 
its ordinate. From the foot of the 
ordinate lay off a distance MG on the 
axis, to the right, equal to half the 
latus rectum, and draw GP ; through 
P draw PT perpendicular to GP. 
PT will be the tangent required, and GP will be the normal. 

56. To prove that a tangent to the parabola at any 
point makes equal angles with the axis of the curve 
and the focal line to the point of contact. 

A Focal Idne is a line drawn from the focus to a point 
of the curve. 




Fig< 94. 
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Let PT be the tangent at P, FP 
the focal line to the point of contact, 
MP the ordinate, GP the normal, 
and OD the directrix. Then (Art. 

54, Cor.), 

AT = AM; 



also, FT = AT + AF 

= AM + AF 
= AM + AO = OM; 

that is, FT = FP (Art. 52). 

Hence the angle FTP = angle FPT. 




Fig. 05i 



57. To find the locus of the intersection of the 
tangent at any point luith the perpendicular on it 
from the focus. 

Let {x'y y') be any point on the curve ; the equation of 
the tangent at {x', y') is (Art. 54), 



y=P(x+X^), 



(1) 



The equation of the line through the focus perpendicular 
to (1) is (Art. 27), 

We must now eliminate x' and y' by means of (1) and 
(2), and 



y 



'2 



2px', 



(3) 



Substituting in (1) the value of x' obtained from (3), we 
have 



V = -,x 4-^ 
^ y 2 



(4) 



From (2) we have y' = — 



py 



z—ip' 



(5) 
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which m (4) gives 

which reduces to 

[f-h{x-ipy]x = 0. (6) 

This equation represents two loci, 

X = and yi ^ (x -^ ^p)^ = 0. 

The first is the axis of y; and the scroud is the point 
X = ip, y = 0, since only the point {^p, 0) will satisfy the 
equation y^ 4- (x — ^pY = 0. 

The co-ordinates of the former equation, x = 0, will sat- 
isfy (1) and (2), giving, in each equation, y = ^y; it is 
therefore the locus of the intersection of (1) and (2). Hence 
the required locus is the tangent to the curve at the origin 
or vertex. 

The latter equation is the focus, and is not the locus of 
the intereection of (1) and (2), since its co-ordinates will 
not satisfy (1), although they will satisfy (2). 

ScH. — We have arrived here at two results, one which we 
are seeking, and another which does not satisfy the geo- 
metric conditions of the problem. It is frequently the case 
in algebraic questions that we arrive at more results than 
we are especially seeking. The values of x and y which 
satisfy equations (1) and (2) will satisfy (6) ; and therefore 
(6) represents a locus which passes through all the points 
where (1) and (2) intersect (Art. 30). It does not follow 
that every point whose co-ordinates satisfy (6) should be one 
of these points of intersection. 

CoR. — The result of this Art. can be easily obtained from 
geometric considerations. Thus, let FB, Fig. 55, be a per- 
pendicular from the focus to the tangent PT. It will 
intersect PT at its middle point B, because the triangle TFP 
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is isosceles. The vertical tangent at A also intersects TP 
at its middle point B, because it bisects MT and is parallel 
to MP. Therefore the point B, at which the pei-pendicular 
intersects the tangent, is on the axis of y, or the tangent to 
the curve at the vertex. 

58. To find the co-ordinates of the point of contact 
of a tangent to a parabola from a fixed point. 

Let {x'. y') be the required point of contact, and {x'\ y") 
be the fixed point through which the tangent passes. 
Since {od, y') is on the parabola, we have 

y'^ = 2px'. (1) 

The equation of the tangent at {x', y') is 

yy' =ip{x + xy 

Since this tangent passes through {x\ y"), we have 

y"y' = p {x" + X'). (3) 

Solving (1) and (2) for x' and y', we have 

x' — y"^- 2px" ± y"^Jy"^ — %px!', 

y' = y" ±. Vf^ - ^px". 

These values indicate that from any fixed point tioo tan- 
gents can be drawn to a parabola, reah coincident, or itnag- 
inary, according as y"^ — 2px" > 0, = 0, or < 0; that is, 
according as the point (x", y") is loithout, on, or within the 
curve (see Art. 53, Cor. 6). 

CoR.— The ordinate of the middle point of the chord 
joining the Iwo real points of contact is equal to the half- 
sum of the ordinates of the two points; that is, it is equal to 
y". Hence, a line through the fixed point, parallel to the 
axis of the curve, bisects the chord joining the two points 
of contact. This chord is called the Chord of Contact. 
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EQUATION or CHORD OF CONTACT. 




Fig. 96 



(1) 



(2) 



(3) 



59. Tangents are drawn to a parahcla from a 
given external point; to find the equation of the 
chord of contact. 

Let (x', y') be the external point P' ; 
(x", y") and (a;,, y,) the two points P" 
and P, where the tangents meet the 
parabola. Then P'Ti will be the chord 
of contact whose equation is required. 

The equation of the tangent at P" 

(Art. 54) is 

yy" =^p(x + x"). 

Since this tangent passes through P', we have 

yY ^p{x' + x"). 

Also the equation of the tangent at P] is 

Since this tangent passes through P', we have 

y'yx =p{x' + Xi). (4) 

Hence it follows that the equation of the chord of contact 

FT, is 

yy' =zp{x-^ x'). (5) 

For (6) is the equation of some right line (Art. 23) ; and 
this line passes through P", for (5) is satisfied by the co- 
ordinates of P", X = x"y y = y", as we see from (2). Also, 
the line passes through Pi, for (5) is satisfied by the co-ordi- 
nates of P, , a; = a;, , y = y, , as we see from (4). Hence, 
(5) is the required equation. 

60. Through any fixed point a chord is dravm to a 
parabola,, and tangents to the parohola are drawn at 
the extremities of the chord ; to find the equation of 
the locus of .the intersection of the tangents when the 
chord is turned about the fixed point. 
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Let (o;', y') be the fixed point P' 
through which the chord passes; 
and {x", y") the point P" in which 
the two tangents drawn at the ex- 
tremities Q and R of the chord, 
intersect. 

The equation of the chord of 
contact (Art. 59) is ^^' *'' 

yy" =p(x + ^'). 0) 

Since this chord passes through F, we have 

yy ' = ;> (a/ + a/'). (2) 

Now, if the chord turns about the fixed point (a/, y[)y the 
intersection (a/', y") of the corresponding tangents is any 
point in the required locus ; that is, the co-ordinates oaf', y" 
of any point in the required locus satisfy the equation 

y^ =p{x + a/), (3) 

which is therefore the equation required, and the locus is a 
right line. 

ScH. — The line yy' =p{x + V) is called the Polar of 
the point (a/, y') with regard to the parabola y^ = 2px, and 
the point (x'y y') is called the Pole of the line. 

It will be seen (Art. 60), that if (a/, y') be any point 
fohatever, the equation yy' = p {x -f ^') represents the locus 
of the intersection of the tangents at the extremities of the 
chord through {x\ y'). 

61. The statements in Art. 49 with respect to the circle 
may all be applied to the parabola. Thus, we see that the 
equations of the tangent, of the chord of contact, and of the 
locus of the intersection of tangents at the extremities of 
chords that pass through a fixed point, are all identical in 
form ; and inasmuch as the fixed point (x!, y'), in the case 
of the chord of contact, is restricted to being mthotd the 
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curve, and in that of the tangent to being on the curve, 
while in the case of the locus just described it is any point 
whatever, it follows that the tangent and chord of contact 
in the parabola are particular cases of the locus, due to 
bringing the point (a;', y') on the curve, or outside of it. 

62. A Diameter of a curve is the locus of the middle 
points of parallel chords: 

To find the equation of any diameter. 

Let (.?;, y) be the middle point P 
of the chord FP" ; (a;^ y") the point 
F or F' ; the inclination of FP" to 
the axis of rr, the axis of the curve ; 
r the length of PF, half the line 
FF'. Then 

oal z=z AM + MN = iz; -f r cos ^; 

y = NE + RF = y + ^ sin 0. 

Now as F is on the curve, its co-ordinates x^, y' will sat- 
isfy the equation of the curve y^ = 2px, giving 

{y + r sin oy =: 2p {x + r cos 6), 

or r2 giii2 e -j-2r{y sin O—p cos 6) -\-f^ 2px = 0, (1) 

from which quadratic we can determine the two values of r. 
But as {x, y) is' the middle point P of the chord, the two 
values of r are numerically equal with contrary signs; 
therefore (from Algebra), the coeflBcient of the first power 
of r vanishes, giving us 

y sin ^ — p cos ^ = 0, 

which represents the locus of the middle point P of the 
chord P'F'. Hence the required equation of any diameter is 

y' =p cot e. (2) 




Fig. 58. 
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Since jt? is fixed for any given parabola, and B is constant 
for any given system of parallel chords, the second member 
of (2) is constant ; and therefore it is a right line parallel 
to the axis of x (Arfc. 22, 1, Cor. 2). Hence, every diameter 
is a right line parallel to the axis of the parabola. By giving 
to ^ a suitable value, equation (2) may be made to represent 
any riglit line parallel to the axis. Hence it follows that 
every right line rallel to the axis of the parabola is a 
diameter; that is, it bisects some system of parallel chords. 

Sen. — To draw a diameter of a parabola, draw any two 
parallel chords, bisect them; the line passing through the 
points of bisection is a diameter. 

63. To find the equation of the parabola referred 
to any diameter and the tangent at its veHex, 

Let (w, n) be any point A' on the 
parabola ; take this point for the 
new origin, and draw through it 
the diameter A'X' and tlie tangent 
A'Y' for the new axes of co-ordi- 
nates. Let X'A'Y' = fi ; then 
(Art. 55), 



tan (i 



_ P __p 



y 




n 



Fig. 59. 



Let {x, y) be any point P on the curve referred to the 
old axes AX and AY. Draw PM' parallel to A'Y', and 
draw PM, M'N, and A'L parallel to AY ; then 



a; = AM = AL + A'M' + M'E =: m -{- x' + y' cos p. 
y = MP = LA' + EP = w + y' sin /9. 

Substitute these values of x and y in the equation 

y^ = 2>px, 
and obtain {n + y' sin ftY z= 2p{m + x + y cos ?^)^ 



(1) 
(3) 
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or y'2gin2/3+2y'{wsin/3— j»cosi3) + (w*— 2^?/?) =:2j»a;'. (3) 

D J. p cos i3 

But n = 7-^ = J0---7.; 

tan Is ^ sin i3 ' 

n sin P — p cos i3 = ; 

also, since A' is on the curve, its co-ordinates wi, n will 
satisfy y^ = 2px, giving us, 

n^ = 2pm. 
Hence (3) becomes ,y'^ sin" P = 2px', 

or y 2 = -^^ X . 

^ sin2 j3 

Putting ^-jj^ = 2|/?', and dropping the accents from 
X and y, since they are general variables, we have 

f = ^% (4) 

which is the required equation, and is of the same form as 
the corresponding equation referred to the axis of the curve 
and the tangent at the principal vertex. 

ScH. — "We might have obtained equations (1) and (2) 
from the formulae to pass from rectangular axes to oblique 
(Art. 35, Cor. 1), by remembering that, since the new axis 
of X is parallel to the old, « = 0, and therefore sin « = 0, 
and cos a = 1. 

Cob. 1. — Solving equation (4) for y, we have 



y = ± V2p'x, 

which shows that, for every positive value of a?, there are 
two real values for y, numerically equal, but with contrary 
signs. These two values, taken together, make up a choirl 
parallel to the axis of y, and which is bisected by the axis 
of X. Hence the axis of x bisects all chords of the curve 
parallel to the axis of y; that is, the system of chords 
bisected by any diameter (Art. 62), is parallel to the tangent 
at the vertex. 
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The quantity 2p\ or its equal -^^> is called the 
Parameter of the diameter that is taken as the axis of z. 

Cor. 2. — If {x, y) and {x'\ y") be any two points on the 
curve, we have from (4), 

y'2 = %p'x'\ y"^ = 2/?y'; 

therefore, y'^ : y"^ :: x! : x!'. 

That is, the squares of the ordinates to any diameter are 
to each other as the corresponding abscissas. 

64. The parameter of any diameter is eqmal to four 
times the distance from the vertex of that diam,eter 
to the focus. 

By Art. 56 we have, in Fig. 69, 

FA' = AL + AF = m + ijp; 
and by Art. 63, 

m =: — z=z ^p cot^/J (since n =^ p cot P) ; 
therefore in + ip = Xp cot^ -\- ip = ^^ f - _ = FA ; 

hence, -^^ = 4FA. 

2p 
But (Art. 63, Cor. 1), . ^ ^ is the parameter of the 

diameter A'X', which was represented by 2p' • therefore the 
parameter of any diameter is equal to 4FA'. 

65. To find the equation of a tangent to a parabola 
referred to any diam^eter and the tangent at its 
vertex. 

The equation of a right line referred to oblique axes is of 
the same form (Art. 22, IV) as when referred to rectangu- 
lar axes ; also the equation of the parabola referred to any 
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diameter and the tangent at its vertex is of the same form 
(Aii;. 63) as when referred to the axis of the curve and tan- 
gent at the principal vertex. Hence, the investigation of 
Art. 54 will apply without any change to the equation 

giving us the required equation, 

Cob. — Making y = in this equation, we get a; = — a/, 
which shows that the tangent cuts any diameter on the left 
of its vertex, at a distance equal to the abscissa of the point 
of contact. Hence, the suMangent to any diameter of a 
parabola is iisecfed at the vertex. 

66. To find the polar equation of the pardbola, the 
focus being the pole. 

Let FP=:r, XFP = 0; then we 
have, from the definition of Art. 52, 

FP = OM = OF + FM; 

that is, r = p + r cobO; 



therefore. 



r = 



P 



1 —COS0' 



(1) 




which is the required equation. 



Fig. 60. 



Cor. — When ^ = 0, r = t^^t = ^ > which shows that 

the radius-vector which coincides with the axis does not 
meet the curve, or rather meets it at an infinite distance. 
For any value of > 0, however small, r is finite, which 
shows that if a line be drawn from the focus making any 
angle, however small, with the axis of the curve, it will 
meet the curve at a finite distance. 



PROPERTIES 4)F FOCAL CHORDS, 107 

When ^ = 90°, r = jt>, as it should. When ^ = 180% 
r = ^p, as it should, since AF = ^p (Art 53). When 
0=270°, r=p, as it should. The two values of r cor- 
responding to 90° and 270°, taken together, make the 
parameter of the axis of the curve, which is again seen to 
be equal to 2p, as it was shown to be in Art. 53, Cor. 3. 

67. A chord passing through the focus of a conic section 
is called a Focal Chord. 

If tangents are draivn at the extremities of any 
focal chord of a -parabola : 

I. The tangents tvill intersect on the directrix. 
II. ^e tangents imll meet at right angles, 
III. The line drawn from the point of intersection 
of the tangents to the focus will he perpendicular to 
the focal chord, 

I. If the tangents to a parabola meet at the point (a/, y ), 
the equation of the chord of contact (Art. 59) is 

If the chord passes through the focus, its co-ordinates, 
X = \py y = 0, must satisfy this equation, giving 

= jt? (ij» + a;') ; .-. a/ = — Jjt? ; 

that is, the point of intersection of the tangents is on the 
directrix. 

II. The equation of the tangent to a parabola (Art. 54) is 

" tf^ ' y^y ti ■if yi ^ % ^ ' 

Put -, = a, and .-. |- = ^ : 

now snbstitnte these values in (1), and we have 

y = «« + ^' (2) 
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If the tangents meet at (a;', y'), we have 

«,_^« + ^ = 0, (3) 

a quadratic for determining the two values of a, which are 
the tangents of the angles that the two tangent lines through 
{a^y y') make with the axis of the parabola. 

Call the two roots of (3), Ui and a,, and we have from 
Algebra, 

«.«. = ^- (4) 

From (I) we have a/ = — ^p, which in (4) gives 

that is, the two tangents are perpendicular to each other 
(Art 27, Cor. 1). 

III. The equation of the right line passing through the 
focus and the point (a/, y'), by Art. 26, is 

From (I), a/ = — \p, which in (5) gives 

y=-t{x-a;). (6) 

The equation of the chord of contact (Art. 59) is 

yy' =p(x^od), 
which becomes for the focal chord, 

y = I (a; - \p), (7) 

which is perpendicular to (6), by Art. 27, Cor. 1. 
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EXAMPLES. 

1. Find the intersections of the parabola ^ = 8a; and 
the line 3y — 2a; — 8 = 0. Ans. (2, 4) and (8, 8). 

' 2. Find the equation of the right line passing throagh 
the focus of the parabola y® = 4a?, and making an angle of 
45° with the axis of the curve. Afis. y = x — 1. 

3. Find the points in which the focal chord, y = a; — 1, 
intersects the parabola, y^ =z4^. 

Ans. (3 ± 2\/2, 2 ± V2). 

4. Find the equation of the right line passing through 
the vertex of any parabola and the extremity of the focal 
ordinate. Ans. y = 2x. 

5. Find the equation of the circle which passes through 
the vertex of any parabola and the extremities of the double 
ordinate through the focus. Afis. y^ = ^px — a^. 

6. Find the equation of the circle which passes through 
the vertex of the parabola y^ = 12a; and the extremities of 
the double ordinate through the focus. 

Ans. y® = 15a; — a?. 

7. Find the equations of the tangent and normal to any 
parabola at the extremity of the positive ordinate through 
the focus. Ans. y :=zx -\- \p and y + a; = ^p. 

8. Find the equations of the tangent and normal to the 
parabola y^ = 4a;, at the extremity of the positive ordinate 
through the focus. Ans. y = a; + l; y + a; = 3. 

9. Find the point where the normal in Ex. 7 meets the 
curve again, and the length of the intercepted chord. 

Ans, (f /?, — dp) ; length of chord = 4^ V2. 

10. Find the point where the normal in Ex. 8 meets the 
curve again, and the length of the intercepted chord. 

Ans. (9, — 6) ; length of chord = 8^/2. 
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11. Find the point in a parabola where the tangent is 
inclined at an angle of 30° to the axis of x. 

Ans. (|jt?, ^Vs). 

12. Prove that the normal at any point of a parabola 
bisects the angle between the focal line and the diameter 
passing through that point. [See Art. 56.] 

13. Prove that the quantity %p', in equation (4) of Art. 63, 
which in the corollary of that article was called the parame- 
ter, is equal to the double ordinate passing through the 
focus. [See Art. 64.] 

14. On a parabola whose latus rectum is 10, a tangent is 
drawn at the point whose ordinate is 6, the origin being at 
the principal vertex ; determine where the tangent cuts the 
two co-ordinate axes. Ans. ( — 3.6, 0) and (0, 3). 

15. Determine where the normal in the preceding exam- 
ple, at the same point, if produced, will cut the two axes. 

Ans. (8.6, 0) and (0, 10.3). 

16. Find the angle which the tangent in £x. 14 makes 
with the axis of x. Ans. 39° 48' 20". 

17. In the parabola ^ = 12ic, find the length of the per- 
pendicular from the focus to the tangent at the point whose 
abscissa is 9. Ans. 6. 

18. In the parabola y^ = Sx, find the length of the nor- 
mal at the point whose abscissa is 6. Ans. 8. 

19. Prove that the circle described on a focal chord as a 
diameter is tangent to the directrix. 

20. Prove that the tangent at any point of a parabola will 
meet the directrix and latus rectum produced, at two points 
equally distant from the focus. 

21. Prove that a right line drawn from the point of the 
parabola of which the abscissa is 4p, and cutting the axis at 
the point x.z=. 2j9, will, if produced, meet the curve again at 
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the point x-r^p, and be a normal at that point, 2/7 being 
the latus rectum. 

22. The extremities of any chord of a parabola being 
{x'y y'), {x", ff")y and the abscissa of its intersection with 
the axis of the curve being x, to prove that 

x'x'^ = a?, y'y" = — ipx, 

23. Two tangents of a parabola meet the curve in (rr', y') 
and (jr", y"), their point of intersection being {x, y) ; show 
that 

X = Vxx , y = 2 

24. The latus rectum of a parabola is 10, and the radius- 
vector is 25 ; find the variable angle. Ans. 143° 7' 48". 

25. The latus rectum of a parabola is 10, and the variable 
angle is 144°, the pole being at the focus; determine the 
radius- vector. Ans. 26.18. 



CHAPTER VI. 

THE ELLIPSE. 

68. The SIlipBO is the locuB of a point moTmg in a 
plane, bo that ita diataace from a fixed point bears a con- 
stant ratio to ita distance from a, fixed right line, the ratio 
being leas than nnitj.* 

From this definition the ellipse 
may be constructed by points, 
thns: 

Let F be the fixed point, DD' 
the fixed right line, and e the 
given ratio. Draw through F the 
line OA perpendicular and £E' 
parallel to DD'. Take 

FE(=FE') : FO :: e : 1, 

and di'aw OE and OE' produced 

indefinitely. Draw parallels to EE', meeting the lines 00- 
and OG'. With the half of any one of these lines, as KH, 
for a radius, and the fixed point F for a centre, describe an 
are cutting KH at P; this is a point of the curve; for, 
joining P and F, and drawing PD perpendicular to DD', 
wehave KH (=FP) : KO (=PD) :: FE : FO. 

That is, by construction we have, FP : PD :: e : 1. 

In the same way, any required number of points in the 
curve may be found. Connecting these points by a line, we 
have the required ellipse. The fixed line DD' is called the 
Directrix; the fixed point Fis called the Focns; 06 and 
OG' are the Focal Tangents. 
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69. To find the equation of the ellipse. 

Let F' be the focus ; YY' the ^ 
directrix. Through F' draw OX 
perpendicular to YY' ; take OX 
and OY for the co-ordinate axes. 

Let {x, y) be any point P on 
the locus ; join FT ; draw PM 
and PD respectively perpendicu- 
lar to OX and OY. 

Eepresent OF' by p, and the 
ratio of F'P to PD by e. Then we have, from definition, 

FT = e . PD, 

or FP = ^2 . PI?, 

or Flf + MP^ = e2.pE?; 




Fig. 62. 



that is, {x — pY + y2 -_ g2a«^ 

which is the equation required. 



(1) 



CoR. — When y = 0, we have a; — p = ±ex\ therefore 



X 



- P 



' 1 =Fe' 

which shows that the curve cuts the axis of x at the two 
points A' and A, giving 



OA' = 



P 



and 



0A = :^. 

1 — ^ 



A and A' are called the Vertices of the ellipse, and 0, 
the point midway between them, is called the Centre of the 
ellipse. 

The distance A A' = — -^ ., . = r— ^: it is cus- 

1-— e 1 + e 1—62' 

tomary to denote this distance by %a. Therefore, 
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70. Transform equation (1) of Art. 69 to A'. The for- 
mulaB for this transformation become 

which in (1) gives 

or x'^ + y'» - j^»' = «'(i^«' + a^') ; 

therefore, y'' = 2epx' — (1 — ^) a;'« 

therefore (Art. 69, Cor.), 

^2 = (l_e2)(2aa;'~a;'2); 

or, suppressing the accents, since the variables are general, 

we have, 

2^ == (1 - e«) {2ax - a^). (1) 

Cob. — When a; = a, equation (1) becomes 

y» = (1 — «») 0? = ^ (by putting CB = b). 



Therefore l_^=:_ 

a' 

which in (1) gives t^ = —^ {2ax — x^). (2) 

71. Transform equation (2) of Art. 70 to C (Pig. 62). 
The formul8B for this transformation become 

which in (2) gives, after suppressing accents, 

3^ = J, («' - ^), (1) 

or ay + J«a« = im, (2) 
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which may be more symmetrically written, 

,,2 ^ M — ^» 



(3) 



a form analogous to that of the equation of a right line 
(Art. 22, II). 

CoK. 1.* AT' = e . A'O' 
(by definition), and 

O'A' = -4- (Art 69, Cor.) ; 

therefore, 

1 + <J 




Fig. 63 



or 



or 



AT' = a(l -e), by (Art. 69, Cor.); 

O'A' — -Z ep{;i— e) 

~ l + e~ e{l-^)' 

(Art 69, Cor.). 



(*) 



O'A' = ^ill^ 



or 



FO = A'C - AT' = tf - a (1 - c), 

F'C = ae. 

i' A ' - ^ 1 ^ (^ — ^) 

e 



(5) 



(6) 



O'C = A'C + O'A' = a + 



or 



O'C = -. 

e 



(7) 



a 



O'F = ^ = O'C - F'C = - - ae, 

e 



or 



'■B" .= p = a(lj-^) 



O'F 



(8) 



Cob. 2. — When y = 0, a; = ± a, which shows that the 
curve cuts the axis of x at two points, equally distant from 



* See Todhiinter^s Conic Section?, p. 14S. 
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the origin, and on opposite sides of it When a; = 0, 
y = ±by which shows that the curve cuts the axis of y at 
two points equally distant from the origin, and on opposite 
sides of it. 

Cor. 3. — Solving (1) for y, we get 



y = -t - Va2 — Qfiy 

Cv 

which shows that for every value of a; between —a and +a 
there are ttoo real values of y, numerically equal, but with 
contrary signs ; hence, for every point P on one side of the 
axis of X there is a point P, on the other side of the axis, at 
the same distance from it, and therefore the curve is sym- 
metrical with respect to the axis of x. When a; is + a or 
— a, y = ± 0, and for every value of ic > -^ a or < — a, 
the two values of y are imaginary ; therefore the curve is 
limited in the direction of j!?ostViye and negative abscissas by 
two tangents at A and A'. 
Similarly, solving (1) for x, we get 

x=±^VW:^\ 

which shows, that for every value of y between — h and +S 
there are two values of .r, numerically equal with contrary 
signs ; hence the curve is symmetrical with respect to the 
axis of y, and is limited in the direction of positive and 
negative ordinates by two tangents at B and B'. 

ScH. — Because the curve is symmetrical with respect to 
the line BB', Fig. 63, it follows that if we take CF = OF', 
and CO = CO', and draw KK' perpendicular to 00', the 
point F and the line KK' will form respectively a second 
focus and directrix. 

AA' is called the Transverse or M^jor* Axis of the 
ellipse, BB' is called the Conjugate or Minor * Aads of 

• Called moior and minor, because, from Art. 70. Cor., *• = (!— «')a*; and 
/. ft*<a» and 6<a. 
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the ellipse. The ratio 6, which the distance of any point in 
the ellipse from the focus bears to the distance of the same 
point from the corresponding directrix, is called the 
Eccentricity of the ellipse. 

A Centre of a curve is a point which bisects every right 
line drawn through it to meet the curve. If x', y' satisfy 
the equation 

— x\ — y' will also satisfy it ; hence, if (a;', y') be any 
point P on the ellipse, {—x\ — y') will be a second point 
P' on the ellipse in the opposite quadrant, such that PCP' 
is a right line bisected at C ; that is, every chord passing 
through C is bisected at C, which is therefore the centre of 
the ellipse. 

CoR. 4. — To find the latus rectum (Art. 53, Cor. 3). 

Make a; = CF = ae (Cor. 1) ; denote tlie corresponding 
yalue of y by j9 ; we have from (1), 

f = ?^(a2 - a^^) = ^ (1 - e3) 

= ^ (Art 70, Cor.) ; 
therefore, 2p = — = latus rectum ; 

Forming a proportion from this equation, we have 

2a :2b :: 2b : 2p. 

That is, the latus rectum is a third proportional to the 
major and minor axes. 

Since J^ = ^2 (i _ ^2)^ (Art. 70, Cor.), we have 

tti + a^^ = a^; 
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that is, 
Hence, 



BP = a = BF. 



Cob. 6. — If (a;', y') and (a; ", y") be any two points on the 
curve, we shall have, from equation (1), 



and 



a* 



Hence, forming a proportion, we have 

ya : y"2 :: {a—x'){a + x') : {a '^x")(a + x"); 

that is, the squares of any ttoo ordinates to the major axis of 
the ellipse are to each other as the re4)tangles of the segments 
into which they divide the major axis. 

It may be proved in a similar manner that the squares of 
ordinates to the minor axis are to each other as the products 
of the parts into which they divide the minor axis. 

Cor. 6. — A point is outside, on, or inside the ellipse, 
according as a^y'^ + J^^ — a^'^ >, =, or < 0. 

Thus, if the point is 07i the 
curve, as at P, its co-ordinates 
will satisfy the equation of the 
curve, giving 

If the point is outside of the 
curve, as at B, its abscissa will 
be greater than at P, while its 
ordinate will be the same, giving 

ay 4- S^ — a^l^ > 0. 

If the point is inside of the curve, as at D, its abscissa will 
be less than at P, while its ordinate will be the same, giving 

a»ya + »r» — a^^ < 0. 




FIff. 64. 
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Cor. 7.— If S = a, (2) becomes ^ + if^z=a\ which is 
the equation of a circle. Hence, the ellipse becomes a circle 
when its axes are made equal to each other. 

72. To find the distance of any point in the ellipse 
from the focus, in terms of the abscissa of the point. 

From the figure we have 
FF = (ew - xf + y» 




(Art. 71, Eq. 1), 
= a^ — 2(iex + ^a^ 

(since a^(^ -f J2 — ^^2) . therefore, p|^, 55, 

FP = (a — ex). 

We take only the positive value, since it is the absolute 
distance of P from F we are considering, and not the direo 
tion. 

In Uke manner we find, by writing - ae for ae, 

F? = (« + exy + y^ 

= fl2 + 2ae.r + ehi^ ; 

therefore, FT =. a -\- ex. 

Hence, FP + FP = 2«; 

or, the sum of the distances of any point in an ellipse from 
the foci is equal to the major axis. 

Cob. — This result furnishes two 
other methods of constructing an 
ellipse, having given the axes. 

I. With B as a centre and CA 
as a radius, describe an arc cutting 
A A' at F and F' ; these points are 
the foci. Now with F' as a centre Fig. 66, 
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and a radius greater than AT' and less than AP, descrihe 
an arc; then with F as a centre and the remainder of the 
major axis as a radius, describe another arc cutting the first 
at the point P ; this will be a point of the curve, since 
FT + FP = 2a. In the same way, any number of points 
may be found ; joining these points by a curve, it will be 
the required ellipse. 

11. Take a string equal in length to AA', and fix the two 
ends at F and F' ; then press a pencil-point P against the 
string, and move it around F and F', keeping the string 
tight; the pencil will describe an ellipse, since in every 
position of it we shall have FT + FP = 2a. 

73. // a circle he described on the major axis as a 
diameter, then any ordinate of the ellipse is to the 
corresponding ordinate of the circumscribed circle as 
the semi-minor a^is is to the semi-major axis. 

Produce the ordinate MP of the 
ellipse to meet the circumscribed 
circle at P'. The points P and 
P' are called Corresponding 
Points; the ordinates MP and 
MP' are called Corresponding 
Ordinates. Denote the ordinate 
MP by y and MF by y\ Then 
the equations of the ellipse and 
circle, referred to the centre 0, 
are respectively, 




(1) 



y'^^a^^^, (2) 

Making the a; of (1) and (2) identical, the values of y and 
y' will represent corresponding ordinates. Divide (1) by 
(2), and extract the square root; and we have 
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^=-, (3) 

and forming a proportion, we have 

y ' y' :: J : a. 

Cob. 1. — In the same way it may be proved that, if a 
circle be described on the mmor axis of an ellipse as a 
diameter, any abscissa of the ellipse is to the corresponding 
abscissa of ths inscribed circle as the semi-major axis is to 
the semi-minor axis, [Let the student give the proof.] 

CoR. 2. — Join P' with C, the centre of the ellipse ; denote 
ACP' by 0, and let (a;, y) be the point P. Then we have, 
from Fig. 67, 

a: = CM = CP' cos ACF = a cos 0, (4) 

and y = MP' = CP' sin ACF = a sin 0, (5) 

which in (3) gives, y = ^ sin 0. (6) 

These values of x and y enable us to express the position 
of any point on an ellipse in terms of a single variable. 

The angle ACP' is called the Eccentric Angle of the 
point P, and the circle described on the major axis of an 
ellipse as a diameter is sometimes called the Auxiliary 
Circle. 

74. To find the equation of the tangent to an 
ellipse at any point. (See Def ., Art. 42. ) 

Let {x\ y') and {x", y") be any two points on the curve. 
The equation of the secant through these points (Art. 26) is 

Since (x', y') aniJ {x'\ y") are on the ellipse, they will 
satisfy the equation of the ellipse, giving us 

aya +^'2 — aW. (2) 

«y'2 + j/ix"^ = aW. (3) 

6 
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Sabtracting (3) from (2)^ factoriug, and dmding, we 
have 

x'--x" ■" aAy' + y'T 
which in (1) gives 

When the points become consecutive, x'=z' and y"=:y'; 
hence (4) becomes 

Clearing of fractions, transposing, and substituting for 
ay 2 + JVMts value, «2^ [see (2)], we have 

a^yy' + ih:x' = aW^, (6) 

which is the required equation of the tangent. 
This equation may be written 

y=-ay^ + y- ^^^ 

in which j-7 is the tangent of the angle which the 

t* y 

tangent line at the point (x\ y') makes with the axis of x, 

CoR. 1. — ^We may write the equation of the tangent in 
terms of the tangent of the angle which the tangent makes 
with the major axis. 

Since the tangent is a right line, its equation may be 

written in the form 

y z= mx + n. (8) 

Writing (6) and (8) in the form 

XX yy' ^ ,^. 

_% + K = i, (10) 
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and comparing (9) and (10), since they are to represent the 

same line, we have 

X m ^ y' 1 

a^ n (r n 

m 

and therefore, since /- 1 + r|^ J = 1 (Art 71, Equation 3), 

we have (^)V(^J=1, 

which gives n^ = a^^ + ^, 

or n = ± Va^2 ^ ^ . 

which in (8) gives y z= mx ±_ Vahn^ + J^, (11) 

the equation required. The double sign shows that two 
tangents may be drawn at the same angle to the axis of x. 

CoR. 2. — To find the point in which the tangent cuts the 
axis of X, make y = in (6), and get 

x = % = CT. 

X 

The subtangent MT (Art. 43), 
= CT~CM = -!-a;' 

X 

_a^^x'\ 

■" a? * Fig. 68. 

ScH. — This expression for the subtangent is independent 
of b and y' ; hence, all ellipses having the same major axis, 
will have the same subtangent for any given abscissa of 
contact. 

This principle enables us to draw a tangent to an ellipse 
at a given point Let P be any point on the ellipse, Fig. 68. 
On AA' describe the circle ; and at P', where the orciinate 
of the ellipse at P, prolonged, meets the circle, draw the 
tangent FT ; join TP, and it will be the tangent required 
at P. 
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75. To find the equation of the normal at any 
point of an ellipse. 

Let {x\ y) be the point ; the equation of the taiige^it at 
{x', y') is 

(1) 



y = — ^2—^ + -• 



The equation of a right line through (a;', y') perpendicu- 
lar to (1) is, by Art. 27, Oor. 3, 



' ^y' / /\ 



{») 



which is the required equation of the normal at the point 

CoR. 1. — To find the point in which the normal at (x', y') 
cuts the axis of a;, we make y = in (2), and get, after 
reduction, 



X = 



a' 



X = CN 



= e^x' (Art. 70, Cor.) 
The subnormal NM (Art 43), 

= CM - CN = ic' - ^-^a?' 



a^ 




^ , 

= -2^?. 

a^ 



Fig. 69. 



ScH. — The expression CN == ^' enables us to draw a 
normal, either through a given point on the major axis or 
at a given point on the curve. For, in the former case, we 
have given CN to find CM = x\ and in the latter case CM 
is given, to find CN = x, 

CoR. 2. — By Art 71, Cor. 1, we have 

F'C = FC = a« ; 
therefore, by Cor. 1 of the present Art., we have . 
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P'N = e{a + ex') 
and FN = g (a — ex'). 

Hence, F'N : ¥S :: a-\-ex' : a^ex' :: FT : FP (Art. 72). 

That is, the normal of an ellipse cuts the distance between 
the foci in segments proportional to the adjacent focal radii 
of contact ; and therefore it bisects the angle between these 
focal radii. 

Cor. 3. — Since the tangent is perpendicular to the normal^ 
it makes equal angles with the focal radii to the poifit of 
contact. 

ScH. 2. — This principle af- 
fords a method of drawing a 
tangent to an ellipse at a given 
point. 

Let P be the given point, 
and FP and FT the focal 
radii to the poinfc of contact. p|g^ 7q^ 

Produce FT to E, making 
PE = PF, and draw FE. Draw PT perpendicular to FE, 
and it will be the tangent required. 

76. To find the locus of the intersection of the tan- 
gent at any point luith the perpendicular on it from 
either focus. 

Let {x\ y) be any point of the curve. By Art. 74, Cor. 1, 
the equation of the tangent at (x\ y') is 

y z=zmx+ ^/ahn^ + b\ (1) 

The equation of the line through the focus F perpendic- 
ular to (1) is (Art. 27, Cor. 2), 

y^ ^-{x^ae). (2) 
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(1) becomes y —-mx =. ^^ahn^ + V. (3) 

(2) becomes ;wy -f a? = ae. (4) 
(3)3 + (4)2 gives, after dividing by 1 + m?, 

;i^ + y^ =1 a^^ 

as the equation of the required locus, which is therefore a 
circle described on the major axis as a diameter. 

77. To find the co-ordinates of the point of contact 
of a tangent to an ellipse from a fixed point. 

Let (x', y') be the required point of contact, and (a;", y") 
the fixed point through vrhieh the tangent passes 
Since (a;', y') is on the ellipse, we have 

ay 2 + J^% = ^2J3. (1) 

The equation of the tangent at (a;', y') is 

and since this tangent passes through (x\ y"), we have 

aYy + Wx' = aW. (2) 

Solving (1) and (2) for x' and y\ we find 

, _ a^¥x" ± aYVaY^ + ^^—"^ 



y - aY^ + V^'^ 

These values indicate that from any fixed point two 
tangents can be drawn to an ellipse, real, coincident, or 
imaginary, according as ay ^ ^ ^' 2 _« ^252 >^ —^ <; q. 

that is, according as the point (a/', y") is vnthout, on, or 
within the curve. (See Art. 71, Cor. 6.) 

The line joining these two real points of contact is called 
the Chord of Contaot 
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78. Tangents are drawn to an ellipse from a given 
external point ; to find the equation of the chord of 
contact. 

Let (a/, tf) be the external 
point F; (a/', y" ) and {x,,y,) 
the two points P'' and P, where 
the tangents meet the ellipse. 
Then FT, will be the chord of 
contact whose equation is re- 
quired. 

The equation of the tangent Fig- 71. 

at F' is (Art. 74), 

a^yf + 1^X7^' = a^V] (1) 

and since this tangent passes through P', we have 

ahf'f + JVic" = a^U^. (2) 

Also, the equation of the tangent at P, is 

«%, + ^^1 = aW ; (3) 

and since this tangent passes through F, we have 

ayyi + Vhdx, = c?V^. (4) 

Hence, it follows that the equation of the chord of con- 
tact F'P, is 

aW + *^^ = «^*^- (5) 

For (5) is the equation of some right line (Art. 23) ; and 
this line passes through F', for (5) is satisfied by the co- 
ordinates of F' {x = x!\ y = y ), as we see from (2). Also, 
the line passes through P, , for (5) is satisfied by the co-ordi- 
nates of Pi (a; = .Ti , y =, y,), as we see from (4). Hence, 
(5) is the required equation. 

79. Through any fixed point a chord is drawn to 
an ellipse, and tangents to the ellipse are drawn at 
the extremities of the chord ; to find the equation of 
the locus of the intersection of the tangents, when the 
chord is turned al)out the fixed point. 
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Let («', t/) be the fixed point 
P' through which the chord 
passes; and (a/', y") the point 
F' in which the two tangents, 
drawn at the extremities Q and 
E of the chord, intersect. 

The equation of the chord of ^"^j — zT" 

contact (Art. 78) is 

dJ^ytf H- U^xT^' = aW. (1) 

Since this chord passes through F, we have 

a^y'y" + V^ji^t^' = aW. (2) 

Now, if the chord turns about the fixed point (a/, y), the 
intersebtion (a/', y) of the corresponding tangents is any 
point in the required locus ; that is, the co-ordinates a:", y" 
of any point in the required locus satisfy the equation 

a^yy' + JN^x' = aW, (3) 

which is therefore the equation required, and the locus is a 
right line. 

ScH.— The line c?y\f + ^^^ = d^V^ is called the Polar 
of the point (a/, y') with regard to the ellipse 

and the point (a/, y ) is called the Pole of the line. 

It will be seen that if (a/, y') be any point whatever ^ the 

equation 

a^y^ + 52a-a/ = aW 

represents the locus of the intersection of the tangents at 
the extremities of the chord through (a;', y). 

The statements in Art. 49 with respect to the circle may 
all be applied to the ellipse as they were to the parabola 
(Art. 61). By the same reasoning, then, as in Arts. 49 and 
61, we learn that the tangent and chord of contact in the 
ellipse are particular cases of the locus just described, due 
to bringing the point (a/, if)on the curve, or outside of it 
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Fig. 73. 



80. To find the equation of any diameter. (See 
Def., Art. 62.) 

Let {Xy y) be the middle 
point P of the chord FP"; 
(a/, y') the point F or F' ; 
e the inclination of FF' to the 
axis of a;; r the length of PP', 
half the chord FF'. Then 

oif =CM— NM = a:+rcos^, 
y = NR H- RF = y+r sin B. 

Now, as P' is on the curve, its co-ordinates a/, y' will 
satisfy the equation of the curve, c^y^ + tf^x^ = a*t^y gi^^ng 

^2 (y + r .sin 0)2 + ^ (x + r cos Oy = aW, 

i (a^ sin2 e + i^cos?e)r^) 

or, 1+2 (a^y uin + Vh: cos 0)r [ = 0, (1) 

( + (aY + *^^ - «2*^) ' 

from which quadratic we can determine the two values of 
r. But as (a:, y) is the middle point P of the chord, the two 
values of r are numerically equal, with contrary signs; 
therefore (from Algebra), the coeflScient of the first power 
of r vanishes, giving us, 

a^y sin + if^x cos = 0, 



or 



y = — - J cot e . Xy 



a* 



(2) 



which represents the locus of the middle point P of the 

chord PT'' ; and is therefore the required equation of any 

diameter. 

. Since a^ and V^ are fixed for any given ellipse, and is 

constant for any given system of parallel chords, (2) is the 

equation of a right line passing through the origin (Art. 22, 

I, Cor. 2), that is, through the centre of the ellipse. Hence, 
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every diameter of the ellipse passes through its oentie. By 
giving to a suitable yalne^ equation (2) may be made to 
represent any right line passing through the centre. Hence 
it follows that every right line that passes through the cen- 
tre of an ellipse is a diameter ; that is^ it bisects some 
system of parallel chords. 

Coil — Let & = the inclination to the major axis of the 
diameter that bisects all the chords inclined at an angle By 
then clearly we have 

tan^ =2, 

which in (2) gives tan ^ = ^ cot By 

therefore, tan B tan 6' =z -^ 

a^ 

Hence, if B and B' be the angles which a system of paral- 
lel chords and their diameter respectively make with the 
axis of x^ we have the relation 

J2 



tan B tan ^ = 



a* 



ScH. — ^To draw a diameter to an ellipse, draw any two 
parallel chords, and bisect them ; the line passing through 
the points of bisection is a diameter. The intersection of 
two diameters will be the centi*e of the ellipse. 

81. // one diameter of an ellipse bisects aU chords 
parallel to a second diameter, the second ivill bisect 
all chords parallel to the first. 

Let B and B' be the respective inclinations of any two 
diameters to the major axis. Then the condition that the 
first diameter shall bisect all chords parallel to the second 
diameter (Art 80, Gor.) is 

tan d tan ^' = — ~ . 

or 
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But this is also the condition that the second diameter 
bisects all chords parallel to the first 

ScH. — Two diameters are Coqjugate when each bisects 
all chords parallel to the other. 

Because the conjugate of any diameter is parallel to the 
chords which the diameter bisects, therefore the inclinations 
of two conjugates must be connected in the same way as 
those of a diameter and its bisected chords. Hence, if B and 
B' are the inclinations, the equation of condition for conjii' 
gate diameters is (Art. 80, Cor.), 

tan B tan B' z=z -_. 

a^ 

Since this condition shows that the tangents of inclina- 
tion of any two conjugate diameters have opposite signs, it 
indicates that one of the two conjugates makes an a^ute 
angle with the major axis, and the other an obtuse angle. 
The minor axis makes a right angle with the major axis ; 
therefore, conjugate diameters of an ellipse lie on opposite 
sides of the minor axis. 

82. The tangent at either extremity of any diam^ 
eter is parallel to its conjugate diameter. 

Let {x\ y') be either extremity of any diameter ; B the 
inclination of its conjugate to the major axis. Since {x\ y') 
is on the diameter^ its co-ordinates will satisfy its equation, 
giving us (Art. 80), 

y' = xcot B'X'i 

^ a^ 

JM 
therefore, tan B -=, ^-.^ (1) 

dry ^ ' 

But, Art 74, Eq. (7), the equation of the tangent at 

(.',,') is ,= _?^..+ ?; (.) 

therefore, the tangent at the extremity of any diameter is 
parallel to its conjugate diameter. 
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63. Given the co-ordinates qc\ y' of one extremity 
of a diameter, to find the co-ordinates flc", j/" of 
either extremity of the conjugate diameter. 

Since the conjugate diameter passes through the origin, 
and is parallel to the tangent at {x'y y% by Art. 82, there- 
fore its equation (Art 74) is 

y = -^^- (1) 

Substitute this value of y in the equation of the ellipse, 

and, after reducing, we obtain 

^"=±p'', (2) 

and from (1) we have y" = ^^ -x\ (3) 

The upper sign in each of these values belongs to the 
extremity at the right of the origin, and the lower sign to 
the left extremity. 

84. To express the lengths of a semi-diaTneter {a'), 
and its conjugate {b'), in terw/S of the abscissa of the 
extremity of the diameter. 

Let {x'y y') and {x'\ y") be the extremities of the diam- 
eters {a!) and (5') ; then we have 

a'« = a:'«+y2=:a/2H--3(a2-a;'2) (Art. 71) 

= ^ + ?^a;M8 = t^+e^ji^ (Art. 71, Cor. 4). (1) 
Also, y » = a/'2 + y'2 = jV^ + -^^'^ (Art. 83) 

= a* — 31 i + -^31 i {Art. n); 
hence, J' » = rf* — eV ». (2) 
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Cob. — Adding (1) and (2), we get 

that is, the sum of the squares of any pair of conjugate 
diameters is equal to the sum of the squares of the axes. 
[See Salmon's Conic Sections, p. 163.] 



85. To find the length of the perpendicular from 
the centre to the tangent at any point. 

Let {x'y y') be the point, and p the perpendicular. The 
equation of the tangent at {od, y') is (Art 74), 



a^yyf + Wa^ = aW. 



Therefore (Art. 24), 



P- 



aW 



db 



V^V^ + ^Va 






= jr (Ari84) 



86. To find the angle between any pair of conju^ 
gate diameters. 

Let <!> be the required angle 
= SCD in the figure. The 
angle between the two conju- 
gate diameters is equal to the 
angle between either diameter 
and the tangent parallel to the 
other. 

From the figure, 

sin (^= sin SCD = sin CDB = ~ = ^ = 4|- (Art. 85.) 

CD a ao ^ ' 




That is, 



. ^ ah 
sin = -,-^ 



(1) 



1 
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Cor. — Clearing (1) of fractions, we haye 

ciV sin = ah, (2) 

which shows that the parallelogram CDBS is eqaal to the 
rectangle CAQB. Hence, the area of the parallelogram 
whose sides touch the ellipse at the ends of any pair of con-- 
jugate diameters is constant, and equal to the rectangle of tJie 
axes. 

ScH. — Since the sum of the squares of any pair of conju- 
gate diameters, (a^) and {b'), of an ellipse is constant 
(Art. 84, Cor.), the rectangle a'V is the greatest when 
a' = b'y* and therefore sin (p is the least ; or, the obtuse 
angle is the greatest when the conjugate diameters are of 
equal lengths. These diameters are called Equi-conjngate 
diameters. Their length is found by making a' = ^ in 
the equation of Art. 84, Cor., giving 

a'^ = i{a^ + l^) = y»; 



therefore, a' =z b' = \y/% • ^c^ + J». 

Therefore, by (1), sin = ~ = ^^^^^^' 

87. To prove that the eccentric angles of the vertices 
of two conjugate diameters differ from ecbch other 

. Let if> be the eccentric angle corresponding to the point 
D (a/, y), and fpl the eccentric angle corresponding to the 
point S {x", y'% in Fig. 74. 

♦ Let a + b = e, (1) a — b = d, (2) 

and od ( = — - — J is greatest, gince e is constant, when (f = 0, i. «., from (9), 
wlien a = b. In the present case, 

c = a'» + ft'*, d = a" — ft** = 0. 

.*. a'* b^* is greatest when of* = b^* ; and inasmach as we are coneaniad only 
with numerical valnes of a' and b", a*V is greatest when af-V. 
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Then (Art 73, Cor. 2), we have 

a/ = a cos 0, (1) 

y = J sin 0. (2) 

Also (Art. 83), a/' = — | y = « cosf (Art 73, Cor. 2) 



and 



or, 
and 



y' z=i —h cos 0', 
a/ = a sin ^'. 



<3) 
(4) 



Divide (2) by (1), and get 



^ = - tan<^. 



(5) 



Divide (4) by (3), and get 



-> = — T tan 0'. 



(6) 



Multiply (5) by (6), and get 

tan <p tan 0' = — 1, 

or, tan tan 0' + 1 = 0. 

Therefore (Art 27, Cor. 1), the two angles and 0' differ 
from each other by 90°. 

88. Two chords which join 
the extremities of any diameter 
to any point on the ellipse are 
called Supplemental Chords. 
If that diameter be the major 
axis, the chords are called Prin- 
cipal supplemental chords. 

Thus, DP and DTare supple- 
mental with respect to the diameter DD' ; AQ and A'Q 
with respect to the major axis. 
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89. If a chord and diameter of an ellipse are 
parallel, the supplemental chord and the conjugate 
diameter are parallel. 

Let DD' (Eig. 76) be a diameter of the ellipse ; PD and 
PD' two supplemental chords, the first parallel to the 
diameter GH. Let (a/, y') be the point D, and therefore 
(—a:', — y') will be the point D'. Let be the inclina-: 
tion of the chord DP to the major axis, and 0' the inclina- 
tion of the supplemental chord D'P. Then the equation of 

DP (Art. 25) is 

2^ — y' = tan (» — a;'), (1) 

and the equation of D'P is 

y + y = tan 0' (a; + x'). (2) 

Since these lines are to intersect at the point P (», y), we 
combine (1) and (2), and get 

3/8 — ya = tan <A tan <t>' (aJ^ — a;'^). (3) 

And since (a:, y) and {x'y y') are points on the ellipse, their 
co-ordinates must satisfy the equation of the ellipse, giving 

and ay a + Wv!^ = cl^}?\ 

from which we get y2 _ ^'2 — b (^ — ^'^) \ 

a 

which in (3) gives tan tan 0' = ^^ which is the con- 

dition that two chords shall be supplemental. 

But (Art. 81, Sch.) the condition that two diameters are 
conjugate to each other is 

tan B tan 0' = x ; 

therefore, if ^ = 0, we have 0' = Q\ But, as the chord 
PD and diameter GH are parallel, by hypothesis, does 
equal d (if we call Q the inclination of GH) ; therefore, 
0' = 0'; or, the supplemental chord PD' and the conjugate 
diameter LM are pamllel. 



ELLIPSE REFERRED TO CONJUGATE DIAMETERS. 137 



90. To find the equation of the ellipse referred to 
any pair of conjugate diajneters. 

To do this we must transform the equation of the ellipse 

ay + J2a?» = c^Vy (1) 

from rectangular to oblique axes^ having the same origin. 

Let DD' and SS' be two conju- 
gate diameters. Take CD for 
the new axis of Xy and CS for the 
new axis of y, Deno te the angles . 
ACD and ACS bj and & re- 
spectively. Let a;, y be the co- 
ordinates of any point P of the 
ellipse referred to the old axes, 
and x\ y' the co-ordinates of the same point referred to the 
new axes. 

The formulae for transformation (Art. 35, Cor. 1) are, 

a: = a:' cos + y' cos 0', 
y =i x' AvL 6 -{• y' sin d\ 

since m and n are 0. 
Squaring, substituting in (1), and arranging, we have 

(a^sin^d +VQO^e)af^ \ 
+ \a^ sin* B' + V cos* 6') y'* [ = c?Vy (2) 
+ 2 (a* sin (? sin ^ + S* cos B cos B') x'y' ) 




which is the equation of the ellipse when the oblique axes 
make any angles B and B' with the major axis. 

But since the new axes CD and CS are conjugate diam- 
eters, we have (Art. 81, Sch.), 

S3 



or. 



tan0 tan 0' = x; 

a^ sin sin ^ + 5^ cos 0.cos ^ = ; 



hence the coefficient of x!y[ in (2) vanishes, and it becomes, 
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(a28in20+J2cos2d)a/2 4. {a^An^& + Jf^co^&)t/^ = c^V, (3) 

which is the equation of the ellipse referred to any two 
conjugate diameters. 

In this equation^ the coefScients are still in terms of the 
axes of the ellipse ; we may obtain the equation in terms of 
the conjugate diameters lying on the new axes; thus: 

If in (3) we make y' = 0, and represent CD by a', we 
have 

a* sin« ^ + *^ cos2 ^ "" ^ ' 

Also, if in (3) we make a/ = 0, and represent CS by J', 
we have 

From (4) we get a^ sin^ ^ + 52 cos^ ^ = — ^. (6) 

From (5) we get a^ sin^ ^ + J» cos^ ^ = -J^- (7) 

Substituting (6) and (7) in (3), dividing by a^Vy and 
omitting the accents from the variables, we have 

'^ 4- ^ - 1 m 

or, a'«y» + y»a:» = a'>y», (9) 

which is the required equation, and is of the same form as 
when referred to the major and minor axes (Art 71). 

91. To find the equation of a tangent to the ellipse 
referred to any pair of conjugate diameters. 

The equation of a right line referred to oblique axes is of 
the same form (Art. 22, IV) as when referred to rectangular 
axes; also, the equation of the ellipse, referred to any pair 
of conjugate diameters, is of the same form (Art. 90), as 
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when referred to the axes of the ellipse. Eenee, the inves- 
tigation of Art. 74 will apply without any change to the 
equation a'^t^ + b'^Q!?=z a^l^, giving us the required equa- 
tion, a'^yy' + b'^xxf = a'^V^ (1) 

Cob. — To find where the tangent cuts the axis of x, 
make y = in (1)^ and get 

X =: —r* 
X 

92. To prove that tangents at the extremities of 
any chord of an ellipse meet on the diameter which 
bisects that chord. 

Take the diameter CD, which 
bisects the chord PP', for the 
axis of X, and the conjugate 
diameter CS for the axis of ?/. '^^^ 

Let {x, y') be the point P ; 
then {x', ■— y') will be the 
point P'. 

The equation of the tangent / _. ^ 

at P (Art. 91) is / '*^" ^' 

a'^yy' + V^xx' = «'2 J'2. (1) 

The equation of the tangent at P' is 

— a'^yy' + V^xx' = a'^V\ (2) 

By Art. 91, Cor., both tangents cut the axis of x at the 

— r , ), which proves the proposition. 

93. // tangents are drawn at the extremities of 
any focal chord of an ellipse : 

I. 27ie tangents ivill intersect on the corresponding 
directrix. 

II. The line drawn from the point of intersection 
of the tangents to the focus will be perpendicular to 
the focal chord. ,.-'■-■'■ 
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I. If the tangents to an ellipse meet at the point (a;', y\ 
the equation of the chord of contact (Art 78) is 

a^yy' + Wxx' = a^ja. 

If the chord parses through the right-hand focus, its co- 
ordinates {x z=ae, y:=- 0) must satisfy this equation, giving 

therefore a?' = -; (1) 

that is, the point of intersection of the tangents is on the 
corresponding directrix (Art. 71, Cor. 1), showing that the 
directrix is the polar of the focas. (Art. 79, Sch.) 

II. The equation of the right line passing through the 
right-hand focus and the point (a;', y') is, by (Art 26), 

y = -r^ — ix — ae). (2) 

From (1), a:' = -, which in (2) gives 

= ?^ (a: - ae). (Art. 70, Cor.) (3) 
The equation of the chord of contact (Art. 78) is 

^ a2y ^ y' ' 

which Decomes, for the focal chord [since a;' = -, from (1)], 

y = }X + -, (4) 

^ aey y ^ \ 

which is perpendicular to (3), by Art. 27, Cor. 1. 



FOCAL PERPENDICULARS. 

94. Find the locws of the point of intersection of 
two tangents at ri^ht angles to each other. 

The equation of any tangent to the ellipse, by Art. 74, 
Cor. 1, is 

y z=:mx+ V¥^~+¥. (1) 

The equation of the tangent at right angles to (1) is 



1 (^ ■.. 



(2) 



Clearing (2) of fractions, and transposing in both (1) and 
(2), we get, 

from (1), y — rwa; r= \/~ahn^ + J2, (3) 

and from (2), ym + x ^=z Va* + ^A (4) 

Adding the squares of (3) and (4) together, and dividing 
by the factor (1 + m% we get 

a;8 + ^ = ^2 + 52^ (5) 

which is the locus required. Hence, the locus is a circle 
with its centre at C, and Va^ + ^ for its radius. [See 
O'Brien's Co-ordinate Geometry, p. 118.] 

95. The rectangle of the focal perpendiculars upon 
any tangent is constant, and equal to the square of 
the semi-minor axis. 

Let^ and^' be the perpendiculars, and b the semi-minor 

axis. 
The equation of the tangent at any point (»', y') is 

a^yy' -f l^x' r= d^V^. 
By Art. 24, we have 

U^x'ae — aW I {a — ex') 
P= — 



^/a^y'^+¥x^ 






^j^ia-ex'). (Art. 84.) 
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iriy, 



p' = J/ (« + ^')- 



ice, 



pp' = " («» _ 58a:'2) — 52 (since a^ - e^a:'? = J' «, Art. 84). 


96. 7b y^w.c^ ^^ polar equation of the ellipse, the 
focus being the pole* 

LetFP = r; AFP = 0; ^ 
then, by definition, Art. 68, 
we have, 




FP = e . PD 

, = e (OF + FM) 
= c . OF + e . FM Fig. 78. 

= a(l — ^2) + « . FP cos AFP 

[since OF = ?LGlZ1^ ^ by Art. 71, Cor. 1]; 



e 



or 



therefore, 



r = a (1 — 6*) + «r cos ^ ; 
1 — e cos * 



(1) 



which is the required equation, the pole being at the left- 
hand focus. 

CoR. — When ^ = 0, r = —\ ^ =: a -\- ae\ which 

1 — e 

makes P'A = a + «e, as it should do. (Art. 71, Cor. 1,) 

For the point B, at the extremity of the minor axis, 

FC ae 



cos^ = 



. > 



FB "■ 7 
which substituted for cos B in (1), gives 



POLAR EQUATION OF ELLIP8S. 143 

a(l -- .»). 

r 
therefore, . r = a; 

that is, FB = a, as it should (Art. 71, Cor. 4). 
When e = 90°, r = ?iLzi^ = ? (by Art. TO, Cor.), as 

it should ; that is, P'E, the semi latus rectum = — (which 
agrees with Art. 71, Cor. 4). 

When = 180 , r = ; 7" = a — a«, which is the 

1 + e 

value of A'E', as it should be (Art. 71, Cor. 1). 

97. To find the polar equation of the ellipse when 
the pole is at the centre. 

The formulse for passing from a rectangular to a polar 
system (Art. 36), are 

X z= r cos 0, y =: r sin 0, 

Sabstitnting these valnes of x and y in the equation 

and solving for r* we find 



r» = 



fl? sin* e H- i» cos* » ~ , a« — *» , . 

1 s— cos* d 



0* 



or, ^ = ^-^^ (Art 70, Cor.). (1) 

ScH. — Equation (1) shows that, for every value of 0, 
r has two values, numerically equal, with contrary signs. 
These two values of r, taken together, make the diameter; 
hence, every diameter of the ellipse is bisected at the centre 
(see Art. 71, Sch.). 
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Also, it is evident from (1) that the value of r is the 
same for and (tt — S), 

It is equally evident^ from (1)^ that equal diameters make 
supplemental angles with the major axis. 

Therefore, in the case of equi-con jugate diameters, 

0' = TT — 0; and hence tan B' :=, — tan d\ 

which, in the equation of condition for conjugate diameters 

(Art. 81, Sch.), gives 

h^ b 

tan^ ^ = -o or tan ^ = ± — 

Hence, the equi-conjugate diameters of an ellipse are the 
diagonals of the rectangle constructed on its two axes, 

CoR.— When ^ = or 180% r = ± a ; when 6 z=z 90° 
or 270% r = ±b. 

It is evident from equation (1) that r is the greatest possi- 
ble when ^=0, giving r= ±a; and the least possible 
when = 90% giving r = ± ^. Hence, in every ellipse 
the transverse axis is the greatest, and the conjugate axis is 
the leorst diameter. For this reason, the transverse and 
conjugate axes of an ellipse are called the major and minor 
axes respectively. (See Art 71, Sch.) 

98. Any chord which passes through the focus of 
an ellipse is a third proportional to the major ajcis 
and the diameter parallel 
to the chord. 

Let PP' be any chord of the 
ellipse passing through the fo- 
cus F ; and DD' the diameter 
parallel to PP'. Put PF = r, 
P'F = /, and AFP = 0. 

Then (Art. 96), 

l — ecosO' 1 + eooaO 
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Therefore PF = r + r' = P^--^- 



d 



a (1 — ^2 cos2 ti) 



(Art. 70, Cor.). (1) 



Prom Art. 97, CD^ = ^ — J*— rs' (^) 

Dividing (1) by (2), we get 

— = -, or PF.2a = 4CD'; 
CD* « 

therefore, U : 2CD :: 2CD : PP', 



EXAMPLES. 

1. Find the semi-axes of the ellipse 3^^ + 2a^ == 6. 
Comparing this equation with -^ + ^ = 1, we find 

a = a/3, and ^ = V^, -4n5. 

2. Find the semi-axes of the ellipse 4^ + 3ir^ = 19. 

Ans. a = V^, * = V^. 

3. Find the points of intersection of the parabola y^ = 4a; 
and the ellipse Sy^+2a^=: 14. Ans. (1, 2) and (1, —2). 

4. Find the equation of a tangent to the ellipse 

3y2 + 2a^ = 35, 
at the point whose abscissa is 2. Ans. 9y + 4c = 35. 

6. Find the eccentricity of the ellipse 22^ 4- 3y® = (P. 

Ans. Eccentricity = \/J. 

6. Find the equation of the tangent to the ellipse at the 
end of the latus rectum ; also, find the lengths of the inter- 
cepts of this tangent on the two axes. 

Ans. y + ez = a; the intercepts are - on the axis of Xy 

and a on the axis of y. 

7 
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7. Write tlie eqnatioii of the normal at the end of the 

latus rectum. . . ^ ^ 

Ana. y + a^ =z — 

8. Find the equation of the line through A'B, and also 
through CH (Fig. 78) ; and find the eccentricity of the 
ellipse if these two lines are parallel. 

Am. Y ^ ^^ 

( the lines are parallel if 2e^ = 1. 

9. Find a point on the ellipse such that the tangent at 
the point is equally inclined to the two axes. 

Alls. X = — , y = , 

10. Find a point on the ellipse such that the tangent at 
the point makes intercepts on the two axes that are propor- 
tional to the axes. . a b 

Ans. x-=--zzj y=.~-* 

V2 V2 

11. Express the equation of the tangent at any point of 
an ellipse in terms of the eccentric angle at that point. 

X V 

Ans. - cos ^ + Y sin = 1. 
a 

12. Find the angle (0) at which the focal radius FT 

(Fig. 78) is inclined to the major axis, when FT is a mean 

proportional between the semi-axes of the ellipse, when 

a =60 and J = 30. 5y^ _ 3>y/3 

Ans. cos = r— — . 

4\/5 

13. Show that the equations of the tangents to the eUipse 
Sa^ + y^ = 3, and inclined at an angle of 45** to the major 
axis, are y = a: -j- 2, y = a; — 2. 

14. If the semi-axes of an ellipse are 5 and 4, find the 
angle at which CP is inclined to the major axis, when it is 
an arithmetic mean between a and h. 

Ans. cos <? = ± ^\/l7. 
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15. Find the length of the normal NP, in Fig. 69^ and of 
BR [See Art. 75, Cor.] 

Ans. NP = — , and BP = -r- (where a and h are the 

semi-axes, and b' is the semi-diameter conjugate to the 
diameter passing through the point P). 

16. Prove that the equi-eonjugate semi-diameter is to the 
semi-diagonal on the axes as 1 is to V2. 

17. In the ellipse whose axes are 8 and 6, find the altitude 
of the circumscribed parallelogram whose sides are parallel 
to the equi-conjugate diameters. 

[Find a' by Art. 86, Sch. ; then alt. = area -i- 2a', Cor.] 

Ans, 6.79 nearly. 

18. In an ellipse whose axes are 12 and 8, what is the 
length of the diameter from the point whose eccentric angle 

is 6^°? Ans. 2V2T. 

19. If from the vertex of any diameter right lines are 
drawn to the foci> prove that their product is equal to the 
square of half the conjugate diameter. 

[This follows immediately from Arts. 72 and 84] 

20. Find the locus of the intersection of tangents at the 
extremities of conjugate diameters. a ^ !^ a 

[This is easily obtained by squaring and adding the equa- 
tions of the two tangents, observing the relations of Art 83. 
(See Salmon's Conic Sections, p. 198.)] 

21. Find the locus of the intersection of a tangent with a 
perpendicular on it from either focus. Ans. o^-^-y^^aK 

[This is readily obtained by writing the equation of the 
tangent in the form of (11) in Art. 74, and adding the 
square of it to the square of the equation of the perpendicu- 
lar on it from either focus.] 
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22. Find the locus of the vertex of a triangle, having 
given the ba£ie = 2m, and the product of the tangents of the 

base angles = -j- 

[Take the base and a perpendicular to it at the middle 
point for the axes.] Am, The locus is Ih^+nJ^iJ^ = l^mK 

23. Find the polar of either focus of the ellipse ; also, of 

either vertex of the minor axis. . .a , 

Ans. a; = ± -, y =^0. 

24. Find the equations of the tangent and normal at the 
extremity of the latus rectum; and determine the eccen- 
tricity of the ellipse in which the normal mentioned passes 
through the extremity of the minor axis. 

Equation of tangent is ^.r + y = a ; 
" normal " a; — ey = a^ ; 



Ana. 



a 



/ = \/^- 



25. The ordinate of any point P on an ellipse is produced 
to meet the circumscribed circle at P' ; prove that the focal 
perpendicular upon the tangent at P' is equal to the focal 
distance of P. 

[Combine Arts. 73 and 74 for the tangent at F *, then, 
Art. 24, p = (after a little reduction) a — ex=ir. (Art. 72.)] 

26. In an ellipse, prove that the rectangle of the central 
perpendicular on any tangent, and the part of the cor- 
responding normal intercepted between the axes, is constant, 
and equal to a^ — J^. 

[By Art 85, p ^y, by Ex. 15, NR = ^^^^=^; 
.*. etc.] 

27. Find the sum of the focal perpendiculars on the polar 
of (a:', y'). 
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[By Arts. 78 and 24, 

' 2a2^ 2ab 



p-i-p' z=z 



Va^'^-hb^x'^ la^ ,. , ^ 






2 



if (of', y') be 071 the ellipse, this yalue 



2ab _^^*(^rt.84); 



if (a;', y') be at the right focus, it equals 

2ab __2a 
be ^ e 
(Compare with Art 71, Cor. 1.)] 

28. Prove that the sum of the reciprocals of two focal 
chords at right angles to each other is constant. 

[Find the focal chord PP' by Art. 98, and the one per- 
pendicular to it by putting sine for cosine; adding the 

^ (2 e^) 

reciprocals, we get - qm = a constant.] 

29. If the axes of an ellipse be in the proportion of 
V2 : 1, any parabola descnbed on the minor axis as axis, 
and haying its vertex at the centre, will cut the ellipse at 
right angles. 

The equations of the ellipse and parabola are 

aY + W:^ = aW, (1) 

and a?« = %pyy (2) 

respectively. Call and ^ the angles which the tangents 

to the two curves at their point of intersection make with 

the axis of x ; and 9' the angle which the tangent at (2) 

makes with the axis of y, 

V^x' 

Then, tan ^ = ^- ; 

dJ^y 

tan 0' = ^ = cot 0; 

X 
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hence, tan = - ; 

' p 

.'. tan B tan 4> -=. = — ? 

= -^ (sincea;'2=:2py')- (3) 

Now, as «f : J :: V2 : 1, we have a^ = Wy which in (3) 

gives 

tan B tan ^ = — • 1 ; 

therefore the two tangents, and hence the two cnrves, at 
their point of intersection, cut each other at right angles. 
[See O^Brien's Co-ordinate Geometry, p. 128, where this 
example is incorrectly solved.] 

30. Putting p and p' to denote the focal radii of any 
point on an ellipse, and for its eccentric angle, prove that 

p = a (1 — e cos 0), 
p' =z a{l + e cos (py. 

31. Prom the centre of an ellipse, two radii-vectores are 
drawn at right angles to each other, and tangents to the 
curve are formed at their extremities ; prove that the tan- 
gents intersect on the ellipse 

a* "^ ^ "" aa "^ J8' 



CHAPTER VII. 

THE HYPERBOLA. 

99. The HTperbola is the iocus of a point moving in a 
plane so that its dietitDce from a fixed point bears a conBtant 
ratio to its distance from a fixed right line, the ratio being 
greater than unity,* 

From this definition the 
hyperbola maybe cunatmct- 
ed by points, thus: 

Let F be the fixed point, 
DD' the fixed right line, 
and e the given ratio. Draw 
throngh F the line OAF 
perpendicnlar to EE', par- 
allel to DD'. Take 

FE (=FE'):FO :: e:l, 

and draw OE and OE' produced indefinitely. Draw paral- 
lels to EE', meeting the lines OG and OG'. With the half 
of any one of these parallels, as KH, for a radins, and the 
fixed point F for a centra describe an arc cutting KH at P; 
this is a point of the curve. For, joining F and F, and 
drawing PD perpendicular to DD', we have 

KH{=FP) : KO{=PD) :: FE : FO; 
that is, hy constructioa we have 

FP : PD :: e : 1. 
In the same way, any required namber of points in the 
cnrve may he found. 

* See Todhnnter's Conic SecUoiu, p. 188. 
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/ > 1, the distance from P to any point in the 
, greater than the distance from the same point to 
t DD' ; therefore there are points in the curve on the 
ite side of DD', which are found in the same way as 
those' to the right of DD', thus : with the half of any of the 
parallels on the left of DD', as MN, for a radius, and F for 
a centre, describe an arc cutting MN at P' ; this is a point 
of the curve. For, joining P' and F, and drawing P'L per- 
pendicular to DD', we have 

MN (= FF) : MO (= PL) :: FE : FO; 

that is, by construction we have FP' : P'L : : e : 1. 

In the same way, any required number of points may be 
found. Connecting these points by a line, we have the 
required hyperbola. 

The fixed line DD' is called the Directrix; the fixed 
point F is called the Focus; OG and OG' are called the 
Focal Tangents. 

100. To find the equation of the hyperbola. 

Let F be the focus, and YY' 
the directrix ; through F draw 
OX perpendicular to YY'; 
take OX and OY for the co- 
ordinate axes. Let {x, y) be 
any point P on the curve; 
join FP; draw PM and PD 
respectively perpendicular to 
OX and OY. 

Represent OF by p, and the ratio of FP to PD by e. 
Then we have, from definition, 

FP = e . PD, or FP = 
or FM' + M?=«»FD' 

thatis, (x-pY + f = eh^y 

which is the required equation. 




B 




Fig. 81. 



e^.PD^; 



(1) 
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CoE. — ^When y = 0, we have a; — je? = ± ea;; therefore, 

— P 

which shows that the carve cnts the axis of x at the two 
points A and A . giving 

OA = :r-T-. and A'0 = -a: = -^-. 

Since c > 1, 1 — c is a negative quantity; therefore OA' 
must be measured to the left of the origin. 

A and A' are called the Vertices of the hyperbola, and 
G, the point midway between them, is called the Centre of 
the hyperbola. 

The distance AA' = A'O + OA 

_/?/?_ %ep 

it is customary to denote this distance by 2a. Therefore 
we have 

2« = -^. 



101. Transform equation (1) of Art. 100 to A (Pig. 81). 

The formula for this transformation become (Art 100, 
Cor.), 

^ = i^-g + ^> y = y'> 

which in (1) gives 

therefore, y'^ _ gg^ _ (i _ ««) «'« 
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therefore (Art 100, Cor.), 

or, suppressing the accents, since the variables are general, 

we have 

y2 = (e2 — 1) (Ux + x% (1) 

Cor. — When a: = — «, (1) becomes 
y2 = _ (^ _ 1)«3 = _ J2 [by putting ((58 - l)a^ = V\ 

Therefore ^ — 1 = 3> 

which in (1) becomes 

f = ^ (2ax + a^). (2) 

102. Transform (2) of Art. 101, Cor., to C (Pig. 81). 
The formulse for this transformation become 

0? = a;' — a, y = y\ 
which in (2) gives, after suppressing accents, 

f=:^,{a^^a^h (1) 

or a^ya — i2a? = — a^**, (2) 

which may be more symmetrically written, 

^2~^ = 1> (3) 

a form analogous to that of the equation of a right line 
(Art. 22, II). 

Cob. 1.— By definition, AF = e.AO, and OA = :p-^ 

1 + 

(Art. 100, Cor.) ; therefore, 

AP = ^- = }^ep = a{e - 1) [Art. 100, Cor.]; 
that is, AP = a ((9 — 1). (4) 
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1 + e e^ — 1 e 
_g(g--l) 



e 



[Art 100, Cor.] ; 



that is, 



that is, 



OA = 



a(e — 1) 
e 

CF = CA + AP = a + a(e — 1) = ae; 

OF = ae. 



that is, 



CO = CA - AO = a - 



00 = -. 

e 



a(e — l) 



(6) 



(6) 



a 
e 



(7) 



a 



OF = » = CF — CO = a« — - : 



that is. 



« (e8 _ 1) 
OF = » = — ^^ ^ 



(8) 



CoE. 2. — When y = 0, a; = ± a, which shows that the 
curve cuts the axis of x at 
two points equally distant 
from the origin, and on oppo- 
site sides of it. When z = 0, 
y = ± bV — i ; hence the 
curve cuts the axis of y in 
two imaginary points on op- 
posite sides of the origin. We 
may, however, take two points 
B and B', on different sides of 
0, making CB = CB' = h, 
as we shall have occasion to use them hereafter. 

Cor. 3. — Solving (1) for y, we get 




Fig. 82. 



y = ± - V^ 



a 



2 



a 



which shows that, for every value of a? > + a .or < — a, 
there are two real values of y, numerically equal, with con- 



156 EQUATION RBFERRBD TO CENTRE. 

trary signs; hence, for every point P on one side of the 
axis of x, there is a point P' on the other side of the axis^ at 
the same distance from it; and therefore the curve is sym- 
metrical with respect to the axis of x. When a; is + « or 

— a, y = ± ; and for every value of x between + a and 

— a, the two values of y are imaginary ; therefore the curve 
is limited towards the centre by two tangents at A and A'. 

Similarly, solving (1) for ar, we get 

which shows that for every value of y from — oo to + oo 
there are two real values of Xy numerically equal with con- 
trary signs ; hence the curve is symmetrical with respect to 
the axis of y, and is unlimited in the direction of this axis. 

ScH. — Because the curve is symmetrical with respect to 
the line BB', it follows that if we take OF' = OF (Fig. 82), 
and CO' = CO, and draw KK' perpendicular to 00', the 
point F' and the line KK' will form respectively a second 
focus and directrix. 

A A' is called the Transverse axis of the hyperbola ; BB' 
is called the Conjugate axis of the hyperbola. In the 
ellipse, the conjugate axis is always less than the transverse 
axis (see Art. 70, Cor.), and therefore the former was called 
the minor and the latter the major axis. In the hyperbola, 
the conjugate axis may be greater than the transverse, since 
^ = a3 (c8 ^ 1) (Art. 101, Cor.), and e is > 1 ; therefore 
we do not call the axes in the hyperbola the major and 
minor axes. 

The ratio e (Art 99) is called the Eccentricity of the 
hyperbola. 

The point C is called the Centre of the hyperbola, 
because it bisects every chord of the hyperbola which passes 
through it. This may be shown in the same way as in the 
case of the ellipse (Art. 71, Sch.). 



\ 
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Gob. 4. — To find the latus rectum (Art. 63, Cor. 3). 

Make x = CF = ae (Cor. 1) ; denote the corresponding 
value o^yhj p\ we have from Eq. (1) (Art. 102), 

^ = -g («V - ««) = J2 (62 - 1) = ** (Art. 101, Cor.). 

2J2 4J2 
Therefore, 2o = — = .r- = laiu8 rectum. 

Forming a proportion from this equation, we have 

2a : 2b :: 2b : 2p. 

That is, the lotus rectum is a third proportional to the 
tranverse axis and tJie conjugate. 

Since J« = (e^ — 1) a^ (Art. 101, Cor.), we have 

«« + 82 — ^2g2 . 

that is, a2 _|_ j2 - cF (Art. 102, Cor. 1). 

But a^ + P = AB^ (see Fig. 82). 

Therefore, AB = CF. 

Hence, the conjugate axis of the hyperbola is a perpendic- 
ular to the transverse axis at its centre, a7id is limited by an 
arc described with the vertex of the transverse axis as a 
centre, and mth a radius equ^l to the distance from the 
focus to the centre. 

CoE. 6. — ^Comparing equation (2), Art. 102, with (2) of 
Art. 71, we see that the equation of the hyperbola may be 
derived from that of the ellipse, by changing +b^ into — S^. 
Hence, we infer that any function of b, expressing a prop- 
erty of the ellipse^ vnll be converted into one expressing a 
corresponding property of the hyperbola, by changing b into 
b V--^i ; therefore, in obtaining the properties of the hyper- 
bola that are similar to those which have been proved for 
the ellipse, we shall, in most cases, either change the sign of 
J2, or else refer the student to the corresponding demonstra- 
tion in the ellipse. 
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3y a process similar to that of Art. 71, Cor. 6, the details 
of which the student must supply, we obtain 

y'2 : y 2 : : (a;' + a) (x' — a) : (x" + a) {x" — a) ; 

that is, the squares of any two ordinates to the transverse 
axis of an hyperbola are to each other as the rectangles of 
the segments into which they divide the transverse axis. 

CoR. 6. — A point is outside, on, or inside the hyperbola, 
according as a^y^ — Vh^ + a%^ >, =, or < 0. The proof 
is similar to that given in Art. 71, Cor. 6, for the ellipse. 

A point is said to be outside the hyperbola if it lies in the 
space between the branches, so that no right line can be 
drawn through it to a focus without cutting the curve. 

103. To find the distance of any point in the hy- 
perbola from the focus, in terms of the abscissa of 
the point. 

From the figure we have 
FF = (a; — aeY + y^ 

= (a;-a«)2 + -^a« — J8. 
^ ^ a^ 

(Art. 102.) 

= a2 — 2aex + ^x^ (since a^e^ — J2 — «2) . 

therefore, FP == ex — a. 

[We take only the positive value of the root, for the reason 
given in Art. 72.] 
In like manner we find, by writing - ae for + ae, 

FF = {x + aey-^f = a^ + 2aex + ^^ ; 

therefore, FT = ca; + a. 

Hence, . FT — FP = 2a ; 

or, the difference of the distances of any point in an hyper- 
bola from the foci is equal to the transverse axis. 
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Cob. — This result furnishes two other methods of con- 
structing an hyperbola, having given the axes. 




B 



I. With C as a centre and 
BA as a radius, describe an arc 
cutting AA' produced at Fand 
F' ; these points are the foci 
(Art. 102, Cor. 4). Now, with 
F' as a centre and a radius 
greater than F'A, describe an 
arc ; then with F as a centre, 

and a radius equal to that used before, diminished by the 
transverse axis AA', describe another arc cutting the first 
at the point P; this will be a point of the curve, since 



B 



Fig. 84 




or 



FP = FT — 2a, 
FT — FP = 2a. 



In the same way, any number of points may be found ; 
joining these points, it will be a branch of the required 
hyperbola. By using F for the first centre and F' for the 
second, with the same distances as before, any number of 
points of the other branch may be found. 

II. Take a ruler, and fasten one end of it at F', so it can 
revolve about F' as a centre. 
Take a string whose length 
is less than that of the ruler 
by AA', and fasten one end 
of it at F and the other end 
at B, the end of the ruler; 
then press the string against 
the edge of the ruler with 

the point of a pencil P, and revolve the ruler about F', 
keeping the string tight ; the pencil will describe one branch 
of an hyperbola, since, in every position of it, we shall have 

FT - FP = AA'. 
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THS CONJUGATE HTPEBBOLA. 



104. A Conjugate Hyperbola is one having the con- 
jugate axis of a given hyperbola for its transverse axis^ and 
the transverse axis of the given 

hyperbola for its conjugate axis. 
Either of two hyperbolas thus re- 
lated is conjugate to the other. 
Thus, the hyperbola whose trans- 
verse axis is BB' (Fig. 86) is the 
conjugate of the hyperbola whose 
transverse axis is AA', and con- 
verselt/y the latter is the conjugate 
of the former. They are often dis- 
tinguished as the X Hyperbola 

and the y Hyperbola, each taking the name of the co- 
ordinate axis upon which its transverse axis lies ; and when 
spoken of together are called Coiqugate Hyperbolas. 

105. To find the equation of an hyperbola conju- 
gate to a given hyperbola, 

. By Art. 102, the equation of the given hyperbola is 




Fig. 86. 



y 



2-^ 



(^ - a% 



or, Fig. 86, 



C A^ ^ 



Hence, since P' is a point on the conjugate hyperbola, hav- 
ing BB' for its transverse axis and AA' for its conjugate 
axis, we have. 



CA 



NF^ = ^(cr-CB^, 



or 



a^ = 



CI? 



^(y^-*^), 



(1) 



which is the equation of the conjugate hyperbola, and is the 
same expression we would obtain from the equation of the 
given hyperbola by putting — 6^ for ^ J2^ and —a* for +aK 
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ScH. 1.— Since the second hyperbola holds the same rela- 
tion to the axis of y that the first does to the axis of x, we 
might have deduced the equation of the y hyperbola at 
once by changing aX^h and J to a, a: to y and y to a; in the 
equation of the x hyperbola. 

The sides of the rectangle described on the axes are the 
tangents to the four branches at the vertices. 

Comparing the equation of the conjugate hyperbola with 
that of the given hyperbola, we have (Art. 101, Cor.), 

or a2 4- J2 = *2e8 = CFl 

(See Art 102, Cor. 1.) Therefore the foci of the y hyper- 
bola are at the same distance from the centre as the foci of 
the X hyperbola, but the eccentricity of the former has a 
diflTerent value from that of the latter. 

* 

SoH. 2. — The equations of the diagonals CE and CG are 
respectively 

y =z -X and v = x. 

If in the equations of the two conjugate hyperbolas we 
make b=za, we have (Art. 101, Cor.), 

f — ^= —aS (5J) 

and (1) of the present Art becomes 

y8 — a^ = a^. (3) 

These hyperbolas are called Eqtiilateral hyperbolas, 
from the equality of the axes. The equilateral hyperbola 
corresponds to the case in which the ellipse becomes a circle. 
(See Art. 71, Cor. 7.) The peculiarity in the figure of the 
equilateral hyperbola is that the curve is identical in form 
with its conjugate. From Art. 101, Cor., we have 

a^ 
therefore, in the equilateral hyperbola we have e = V2. 
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106. To construct a pair of conjugate hyperbolas 
whose axes are given. 

Draw the axes AA' and BB' 
at right angles to each other; 
construct the x hyperbola as in 
Art. 99. Now take CF' = CF, 
which equals AB (Art. 105, 
Sch.), and F' is the focus of the 
y hyperbola. Take BE = BF', 
and^^B'H = B'F; draw through 
E and H a right line ; it is one 
of the focal tangents. Through 

0' draw a line perpendicular to BB'; this is the directrix 
corresponding to the focus F'of the y hyperbola. The con- 
struction is now the same a€ in Art. 99. 




Fig. 87 



107. To find the equation of the tangent at any 
point of an hyperbola. 

To obtain this equation for the hyperbola, we change V 
into — J2 in equations (6), (7), and (11) of Art. 74, and get 



A 



a^yy 






^ 



C^y y 



y = mx ± "s/c^m^ — ^. 



(1) 

(2) 
(3) 



Cob, — To find the point in 
which the tangent cuts the axis 
.of Xy make y = 0. in (1), and 
get 

0? = -, = CT, 

X 

which is the same value we 
found for the abscissa of the 
point at which the tangent cuts the axis of x in the ellipse- 
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(Art. 74^ Cor. 2). This yalue of x has the same sign as x' ; 
hence^ for the right-hand branch, it is always positive; 
that is, the tangent to the right-hand branch cats the axis 
of a; to the right of the centre. 

By Art. 102, Cor. 2, we have F'O = PC = (w ; therefore 
we have 

F'T = ae + J = jK + a), 

rA ft 

and FT = ae ? = - (ex' — a). 

X x^ ' 

Hence, FT : FT ;: ex' '\- a \ ex' -^a :: FT : FP 

(by Art. 103). That is, the tangent of an hyperbola cuts the 
distance between the foci in segments proportional to the 
adjacent focal radii of contact ; and therefore it bisects the 
internal angle between these focal radii. 

This principle affords a method of drawing a tangent to 
an hyperbola at a given point. 

Let P be the given point (see Fig. 88). Draw the focal 
radii FT and FP to the given point P. On the longer, 
FT, lay off PD = PF, and join DF. Through P draw PT 
perpendicular to DF ; PT will be the ti'angent required, for 
it bisects the angle FPF'. 

The subtangent MT = CM - CT = a;' — -,- That is, 

the subtangent = , — • 

X 

108. To find the equation of the normal at any 
point of an hyperbola. 

We change S^ into — ^ in (2) of Art. 75, and get 

y-y' = --^,{cc-x-), (1) 

which is the required equation of the normal at (a:', y'). 
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Cob. 1. — To find the point in which the normal cuts the 
axis otx, we make y = in (I), and get, after reduction 

X = ^^^x' = CN (Pig. 88) = 6V (Art 101, Cor.). 

The subnormal MN = CN — CM 

a^ a^ 

ScH. — The expression CN = eh>' enables us, as in the 
case of the ellipse (Art. 75, Sch. ), to draw a normal at any 
point P of the hyperbola, or one from any point If of the 
transverse axis. 

Cob. 2.— By Art. 102, Cor. 1, 

FC = FC = ««; 
therefore we have 

FN = «(ca;'+a), 

and FN = e {ex' — a). 

Hence, F'N : FN :: ex' + a : ex' ^a :: FT : FP 

(Art. 103). That is, tfie normal of an hyperbola cuts the 
distance between the foci ^V^ segments proportional to the 
adjacent focal radii of contact; and hence it bisects the 
external angle betioeen the focal radii of contact. 

109. To find the locus of the intersection of the tan- 
gent at any -point tvith the perpendicular on it from 
either focus. 

Changing the sign of b^ in (3) and (4) of Art. 76, and 
adding the squares of the resulting equations together, we 
get 

a^ + 7/ = a\ 

for the required locus, which is therefore a circle described 
on the transverse axis. 
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110. To find the coordinates of the point of contact 
of a tangent to an hyperbola from a fixed point. 

Let {x'y y') be the required point of contact, and (x'\ y") 
the fixed point through which the tangent passes. 

Changing + J« to — 5* in the results of Art. 77, we get 



These values indicate that from any fixed point two tan- 
gents can be drawn to an hyperbola, real, coincident^ or 
imaginary y according as 

aY^ - Vt^"^ + a26« >, =, or < ; 

that is, according as the point {p'\ y") is outside, an, or 
inside the curve (Art. 102, Cor. 6). 

CoR. — It is clear that if any two real tangents be drawn 
from a given point to touch the same branchy their abscissas 
of contact will have like signs ; and unlike, if they touch 
different branches. Hence, since the values of :r in the 
former case must have the same signs, we have, regarding 
only their numerical values. 



or squaring, transposing, and reducing, we have 

But (Art 105, Sch. 2) y = - a? is the equation of the diag- 

a 

onal of the rectangle formed upon the axes of the hyperbola; 

therefore, the ordinate of the point from which two tangents 

can be drawn to the same branch of an hyperbola must be 

less than the corresponding ordinate of the diagonal ; that 
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is, the point itself must be somewhere between the diagonals 
(CE, CG) or (CH, CK) produced, and the adjacent branch 
of the curve (Fig. 86). These diagonals produced are called 
Asymptotes of the hyperbola, which we shall consider in 
Art. 113. Hence, generally, the two tangents which can 
be drawn to an hyperbola from any external point, will both 
touch the same branchy if the external point be between that 
branch and the adjacent portions of the asymptotes ; but if 
the external point be so placed that we cannot pass from it 
to the curve without crossing an asymptote, the two tan- 
gents touch different branches of the curve. 

111. Tangents are drawn to an hyperbola from a 
given external point; to find the equation of the 
cJwrd of contact (Art. 77). 

Change ja into —^ in (5) of Art. 78, and get 

a^yy' _ ^xx' = — a2^, (1) 

which is the equation of the chord of contact. 

112. Through any fixed point a chord is drawn to 
an hyperbola, and tangents to the hyperbola are 
drawn at the extremities of the chord; to find the 
equation of the locus of the intersection of the tan- 
gents, when the chord is turned aJ)out the fixed point. 

Change V^ into —l^m (3) of Art. 79, and get 

a^yy' — lyhcx' = — a^i*, ^ (1) 

which is the equation required, and the locus is a right line. 

ScH. — The line (l)is called the Polar of the point {x',y') 
with regard to the hyperbola a^y^ — ih^ = — a'^^, and the 
point (a;', y') is called the Pole of the line. 

The statements in Art. 49 with respect to the circle may 
all be applied to the hyperbola as they were to the parabola 
(Art. 61), and the same conclusions arrived at that were 
reached in Arts. 49 and 61, and referred to in the ellipse 
(Art. 79, Sch.). 
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113. An A83nnptote of a curve is a line which continu- 
ally approaches the curve, and becomes tangent to it only 
at an infinite distauee, while it passes within a finite distance 
of the origin. We have called the diagonals produced of 
the rectangle on the axes (Art. 110, Cor.), the asymptotes of 
the hyperbola ; we now proceed to show that they are such, 
that is, that they meet the curve only at infinity. 

114. To prove that the diagonals of the rectangle 
on the axes are asymptotes to both the given and 
conjugate hyperbolas. 

Produce the ordinate MP of any 
point P in the given hyperbola, to 
meet the diagonal CR and the 
COD jugate hyperbola, in the points 
P' and P" respectively. The dis- 
tance of the point P from CR = 
PF sin PP'C, and therefore it 
varies as PF. Now, if CM, the 

common abscissa = x, PM = y, P'M = y\ and P"M = y", 
we have, from the equations of* the given hyperbola, the 
diagonal, and the conjugate hyperbola^ 




Fig. 89. 









y"' = ^A^' + ^')' 



(1) 

(3) 



Subtracting (1) from (2), we have 

y'i — fz=i^, or If' ■ 

Subtracting (2) from (3), we have 
y"»_y« = J2, or y"-y 



y = 



i» 



y + .y' 



(4) 



y" + / 



(5) 
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If now we suppose the abscissa CM to increase continually, 
and the line MP to move parallel to itself, the ordinates y, 
y'y and y" will increase continually, and therefore, from (4) 
and (5), y' —y and y" — y will diminish continually ; 
and when x (CM), and therefore y, y\ and y" become 
infinitely great, y' — y and y" -— y' will become infinitely 
small ; that is, as x increases indefinitely, the two curves 
continually approach the diagonal CK, and become tangent 
to it and to each other only at infinity. Hence the diagonals 
are asymptotes to both curves, 

CoR. 1. — The equations of CE and CR' are (Art 105, 
Sch. 2), 

a a 

and v= X or - + f = 0: 

^ a a b 

therefore the equation -2 — ^ = includes both asymp- 
totes. 

CoR. 2.— Let ACR = 0, ACR' = 6' ; then 

tan = - , tan 0' = ; 

sm = -— , COB z=z 



sin 0' = ; , cos 0' = — == -. 

115. To find the equation of any diameter. (Def. 
of Art. 62.) 

Change *» into — ^ in (2) of Art. 80, and get 

y = -2 cot (? . a; (1) 

for the required equation. 
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Since a^ and l^ are constant for any given hyperbola, and 
is constant for any given system of parallel chords, (1) is 
the equation of a right line passing through the origin, that 
is, through the centre of the hyperbola. Hence, every 
diameter of the hyperbola passes through the centre. By 
giving to a suitable value, (1) may be made to represent 
any right line passing through the centre. Hence, every 
right line that passes through the centre of an hyperbola 
is a diameter ; that is, it bisects some system of parallel 
chords. 

ScH. — To draw a diameter of an hyperbola, draw any two 
parallel chords, and bisect them ; the line passing through 
the points of bisection is a diameter. The intersection of 
two diameters will be the centre of the hyperbola. 

Cob. 1. — Let & = the inclination of the diameter itself to 
the transverse axis ; then we have 

tan^ =5^; 

which in (1) gives 

tan ^ tan ^ = ?, 

as the relation between and B' when they are the angles 
which a system of parallel chords and their diameter re- 
spectively make with the axis of x. 

Cob. 2. — Writing the equation of the diameter in the 
form 

y z= tan 6 . x, (1) 

and eliminating y between this equation and that of the 
given hyperbola, to find the abscissas of the points of inter- 
section of (1) and the curve, we obtain 

a? = ± ,. = =* (2) 

8 
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Now, eliminating y between (1) and the equation of the 
conjugate hyperbola (Art. 105), to find the abscissas of the 
points of intersection of (1) and the conjugate cuire, we 

obtain 

ah 

X = ± 



Va^ tan2 — J8 



(3) 



If a^ tan^ <;^t^, that is, if tan ^ < ± - , the yalues of x 

a 

in (2) are real, showing that (1) intersects the given hyper- 
bola at finite distances from the centre ; while the values of 
X in (3) are imaginary y showing that (1) does not cut the 
y hyperbola. 

If a^ tan2 > 5«, that is, if tan > ± -, th6 values of x 

a 

in (2) are imaginary, showing that (1) does not cut the 
given hyperbola ; while the values of x in (3) are real, show- 
ing that (1) cuts the y hyperbola at finite distances from the 
centre. 

If a^ tan^ = /^, that is, if tan 6 = +-, the values of x 

- a 

in (2) and (3) are infinite, showing that (1) does not cut 
either the x or the y hyperbola. In this case, (1) coincides 
with the diagonals of the rectangle described on the axes of 
the two conjugate hyperbolas (Art. 105), that is, with the 
asymptotes (Art. 113). 

We learn, then, that diameters 
which cut the given hyperbola in 
real points, must either make with 
the transverse axis an angle less than 
is made by the first of these diag- 
onals, or greater than is made by the 
second, as DD' and HH'. If they 
cut the conjugate hyperbola in real 

points, they must either make with the transverse axis an 
angle greater than is made by the first of these diagonals, or 
less than is made by the second, as EE' and KK'. If they 




Fig. 90. 
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coincide with these diagonals, as LL' and RR', they will 
intersect the hyperbolas at an infinite distance. Hence, 
every right line drawn through the centre of an hyperbola 
must meet the hyperbola or its conjugate, unless it coin- 
cides with one of the asymptotes. 

116. If one diameter of an hyperbola bisects all 
chords parallel to a second diameter, the second will 
bisect all chords parallel to the first. 

Let d and d' be the respective inclinations of any two 
diameters to the transverse axis. Then the condition that 
the first diameter shall bisect all chords parallel to the 
second diameter (Art. 115, Cor. 1) is 

tan (9 tan d' = ^. (1) 

But this is also the condition that the second diameter 
bisects all chords parallel to the first. 

ScH. — Two diamet-ers are Conjugate when each bisects 
all chords parallel to the other. 

Because the conjugate of any diameter is parallel to the 
chords which that diameter bisects,, therefore the inclinations 
of two conjugates must be connected in the same way as 
those of a diameter and its bisected chords. Hence, if B and 
0' are the inclinations, the equation of condition for conjti- 
gate diameters in the hyperbola (Art. 115, Cor. 1) is 

tan tan 0' = ^. (2) 

a^ 

This condition shows that the tangents of inclination cf 
any two conjugate diameters have like signs ; therefore it 
indicates that the angles made with the transverse axis by 
the two conjugates are either both acute or both obfrnse. 
Therefore, conjugate diameters of an hyperbola lie on the 
same side of the conjugate axis, as CD and CE, or CK and 
CH (see Fig. 90). 
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Cob.— From (2), if 

taii0<-, tan0'>-; 

a a 

and if tan > — - tan 6' < 

a a 

Therefore (Art. 115, Cor. 2), if one of two conjugates, DD', 
meets an hyperbola, the other, EE', meets the conjugate 
hyperbola. 

117. The tangent at either extremity of any diamr- 
eter is parallel to its conjugate diameter. 

[For demonstration, see Art. 82.] 

118. Given the co-ordinates oc', y' of one extremity 
of a diameter, to find the co-ordinates a?", j/" of 
either extremity of the conjugate diameter. 

By the Extremities of the conjugate diameter, we mean 
the points in which the conjugate cuts the conjugate hyper- 
hola. 

Let {x', y') be the point D (Fig. 90), and {x", y") the 
point E or E'. Since the conjugate diameter EE' is parallel 
to the tangent at {x\ y') (Art. 117), and passes through the 
origin, therefore its equation (Art. 107) is 

which, combined with the equation of the conjugate hyper- 
bola (Art. 105) gives 

We see that the upper signs of the co-ordinates are both 
positive and the lower signs both negative, while in the 
ellipse (Art. 83), the upp«r signs are unlike and the lower 
also. This agrees with the properties of the two curves 
developed in Arts. 81 and 116, Sch. 
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119. To express the length of a semi-diameter {a'), 
and its conjugate {J}'), in terms of the abscissa of the 
extrew/ity of the diameter. 

Let {x'y y') and {x", y") be the extremities D and E of 
the diameters DD' and EE' ; then we have 

a'a = a/Hy2 = a/2+?^(a/2~a2) (Art.102) 

therefore a'^ = M^--b^ (Art 101, Cor.). (1) 

Also, J'2 = a"» + .v"» = ^y" + ^a/« (Art. 118) 

Or d^ 

= 0/2 — ^2 + ^2/2 (Art. 102) ; 

therefore, V^zi^^^^c? (Art. 101, Cor.). (2) 

Cob. (1) - (2) gives 

that is, the difference of the squares of any two conjugate 
diameters of an hyperbola is equal to the difference of the 
squares of the axes. 

120. To find the length of the perpendicular from, 
the centre to the tangent at any point, 

lict (x'j y') be the point, and p the pei'pendicular. The 
equation of the tangent at (a/, y') is (Art. 107), 

fl2yy - Ifkcxf = — a2J2. (l) 

Therefore (Art. 24), 

^ .^L=^ = __fL= = ^. (Art 119.) 
Va^y'^ + ¥x'^ t I * 
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121. To find the angle between any pair of conjur- 
gate diameters. 

Let be the required angle ECD in Pig. 90. By the 
same process as in the ellipse (Art. 86), we find 

sin^ = --^. (1) 

CoB.^ — Clearing (1) of fractions, we have 

a'V sin <p = ab, - (2) 

which shows that the area of the 'parallelogram tohose sides 
touch the hyperbola at the ends of any pair of conjugate 
diameters is constant^ and equal to the rectangle of the axes. 

ScH. — By Art. 119, Cor., «'« — y 2 — g. constant ; there- 
fore, a' and b' increase or decrease together; hence, by 
can sing D to move along the hyperbola from A, E also will 
move along from B (Fig. 90). But any diameter CD tends 
towards an infinite lengthy as its inclination tends towards 

the limit 6 = tan~^ - (Art. 115, Cor. 2) ; therefore its semi- 
conjugate CE tends towards infinity ; and, as a'V sin is 
constant, and a' and V tend towards infinity, sin tends 
towards ; or, the angle between two conjugates of an 
hyperbola diminishes without limit. When the two conju- 
gates approach infinity in length, they tend to coincide with 
the diagonals of the rectangle constructed on the axes; but 
they are never equal, since a'^ — b'^ is always equal to 
a^ — ^ (Art. 119, Cor.), unless the curve is equilateral. 
Therefore, the infinite diameters which form the limit of 
the conjugates are not equal infinites, and hence we do not, 
as in the ellipse, have equi-^onjugates. We may, however, 
call these conjugates in their limit, when they coincide 
with each other and with either of the asymptotes. Self 
Conjugates,* since each is a diameter conjugate to itself. 

♦ See Howison'e Analytic Gteometiy, p. 381. 
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The inclinations of the self-conjugate diameters to the 
transyerse axis are determined by 
the equation 

tan ^ = ± -. (Art. 115, Cor. 2.) 
a 

The first value corresponds to the 
angle ACE, and the second value to 
the angle ACK (Fig. 91). Fig, 91. 

The inclination of these self-con- 
jugates to each other, as ECK or ECK', is determined by 

Bin = 2 sin BCE cos BCE 

a h 




= 2 



that is, 
where 



sin <j> = 



2a^ 



= ECK or ECK'. 



122. // a chord and diameter of an hyperbola are 
parallel, the supplemental chord and the conjugate 
diam^eter are parallel. (See Def., Art. 88.) 

Let DD' be a diameter of the 
hyperbola ; PD and PD' two sup- 
plemental chords, the first paral- 
lel to the diameter EE'; then 
will the supplemental chord PD' 
be parallel to the conjugate diam- 
eter KK'. 

Let {x'j y') be the point D, 
and therefore {—x\ —y') will 

be the point D'. Let and <t>' be the inclinations of the 
two chords DP and D'P. Then, by the same process as in 
Art. 89, or simply by changing 8^ into — J^ in that Art, 
we get 




Fig. 92. 
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tan tan 0' = -^, 

or 

as the condition that the two chords DP and D'P shall be 
supplemental. 

Now, from Art 116, Sch., we have 

tan tan 0' = -r, 



a 



2 



as the condition that two diameters shall be conjugate to 
each other; the rest of thfe argument of Art. 89 apphes 
directly to the hyperbola. Therefore, the supplemental 
chord PD' is parallel to the conjugate diameter KK', 

123. To find the equation of the hyperbola referred 
to any pair of conjugate diamveters. 

To do this we must transform the equation of the hyper- 
bola 

aY - ^ar^ = — a2J8, (1) 

from rectangular to oblique axes, having iihe same origin. 

Let DD' and SS' be two conju- 
gate diameters. Take CD for 
the new axis of Xy and CS for the 
new axis of y. Denote the angle 
ACD by e and ACS by 6'. Let 
X, y be the co-ordinates of any 
point P of the hyperbola referred 
to the old axes, and x\ y' the co- 
ordinates of the same point re- 
ferred to the new axes. 

Now we may use the same process employed in Art 90 ; 
or, we may simply change ^ into ^V^ m (3) of Art. 90 
(see Art. 102, Cor, 5), and get 

(a^sin^e— 5^cos2(9)a:'H(«2sin20'— 52cos2(9')y^= — «^**- (1) 




Fig. 93. 
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Let a' and b' denote the lengths of the semi-diameters 
CD and OS. K we make y = in (1), we get 

— a3A2 

a' sm' d ^J^ cos* ^ ' 

Also, if in (1) we make x = 0^ we get 

2^ "■ a3sin2(y-J2cos2(y ~ ^' ^""^ 

We put this latter equal to — ^, because we have sup- 
posed the new axis of a; to meet the given hyperbola, as in 
Fig. 93 ; therefore we know (Art 116^ Cor.) tliat the n^w 
axis of y will not meet the given hyperbola; hence 



Prom (2) we get rf» sin« ^ — ^ cos^ = ~ ~. (4) 



a' 



From (3) we get a^sin^^' — ^cos^^' = " ^. (5) 

Substitute (4) and (5) in (1), divide by — a^^, omit 
accents from the variables, ^nd we get 

or, a'V^*'^^= -a"*'^ C^) 

which is the equation required, and is of the same form as 
when referred to the axes of the cuitc (Art. 102). 

Similarly, the equation of \k\Qcmijugate hyperbola referred 
to the same pair of conjugate diameters is 

a'2- 5-2-1' (8) 

or a'V-*'*a--» = a»i». (9> 

[Let the student give the demonstration,] 
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Cor. — Comparing (7) with (9) of Art. 90, we see that the 
equation of the hyperbola may be deriyed from that of the 
ellipse by changing h^ into — ^. Hence, we infer that 
any function of V expressing a property of the eUipse wiU be 
converted into one expressinffa corresponding property ofths 
hyperbola by changing V into bW — i- 

124. To find the equation of a tangent to th-e hy- 
perbola referred to any pair of conjugate diameters. 

By reasoning exactly as in Art. 91, nsing the term "hy- 
perbola" for "ellipse/' or, by changing b'^ into — V^ in 
(1) of Art. 91, according to Art. 120, Cor., we get 

d^yt/ ^V^xd ^ ^ci^V\ (1) 

which is the required eqnation. 

CoR. — To find where the tangent cuts the axis of a:, 
make ^ = in (1), and get 



X = 



a'2 



x 



125. To prove that tangents at the extremities of 

any chord of an hyperbola meet on the diameter 

which bisects that chord. 

y 

Take the diameter CD, which 
bisects the chord PP', for the 
axis of .T, and the conjugate 
diameter CS for the axis of y. 

Now reason as in Art. 92, or 
change b'^ into — d'^ in (1) 
and (2) of Art. 92, according 
to Art. 123, Cor., and get 

a'iyy' — b'^ccx' = — a'2 J'2, (1) 

and — a'^yy' — b'^xx' = - a'H'^ (2) 

which are the equations of the tangents at the extremities 
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of the 6hord PP' referred to the diameter CD which bisects 
PP', and the conjugate diameter OS. Now, by Art. 124, 
Cor., both of these tangents cut the axis of x at the 

point ( -T , 01, which proves the proposition. 

126. // tangents are drawn at the extremities of 
any focal chord of an hyperbola : 

I. The ta^ngents iviU intersect on the corresponding 
directi'ix, 

II. The line drawn from the point of intersection 
of the tangents to the focius wiU be perpendicular tos 
the focal chord, 

I. Reasoning as in Art. 93, we find for the equation of 
the chord of contact (Art 111), 

dhfy' — Vhcx' = - a»^, (1) 

which, for the right-hand focus {ae, 0), becomes 

— Vaex! = — 



or «' = ?; {%) 

that is, the point of intersection of the tangents is on the 
corresponding directrix (Art 102, Cor.), showing that the 
directrix is the polar of the focus. (Art. 79, Sch.) 

II. The equation of the line passing through the right- 
hand focus and the point {x'y y') is, by (Art 26), 

y = zz^, (^ - ««)• (3) 

From (2), «:' = -, which in (3) gives 

= - ^ (« - a«)- (Art lOi-, Cor.) (4) 
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The equation of the chord of contact [see (1) above] is 

ay"' y' 



y = :;iC7^---r'; 



vhich becomes, for the focal chord [since a;' = -, from (2)], 

B 

which is perpendicular to (4), by Art 27, Oor. 1. 

127. Find the locus of the point of intersection of 
two tangents to an hyperbola at right angles to 
each other. 

Eeasou as in Art. 94, or change A^ into — ^ in equation 
(6) cf that Art., and get 

a?J + y^ = fl8 — J2 (1) 

as the required locus. Hence, the locus is a circle with 
its centre at C, and with Vcfi — ^ for its radius, unless 
i^ > a', in which case the locus is impossible ; that is, two 
tangents cannot he drawn at right angles to each other 
when ^ is greater than cfi. 

128. The rectangle of the focal perpendiculars 
upon any tangent is constant, and equal to the 
square of the semi-conjugate axis. 

Call p and p' the perpendiculars. The equation of the 
tangent at any point {x\ y') is 

a^yy' — }^x' = — a^J*. 
By Art 24, 

IH'm — aW h{ex' — a) 



i?= -f 



VflVH*^'^ 






= |-, («a;' - a). (Art. 119.) 
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., , —b^ae—a^ b{ex' + a) 

Also, p' = ;=:rr . = ; 

= |-, (ear' + o). (Art 119.) 

HeDce, pj)' = ^j(e*r' < — «>) = S». (Art 119.) 

129. To find the polar equation of the hyperbola, 
the left focus being the pole. 

LetPP = 7-; AFP = e; then 
(Def. of Art. 99) we have, 

FT = c • PD 

= e(PM— PO) 

= e ■ MP — e ■ PO Rg. ». 

= e-PPeoeAPP — «(«=— 1) (Art. 102, Cor. 1), 
or »• = cr COB <? — a (^ — 1) ; 

therefore, r = ^^~^, (1) 

e COS a — 1 ' ' 

which ia the eqnatioD required. 

Cor.— When 6 = % r = «e + a = F'C + CA = PA, 
as it should do. (Art. 102, Cor. 1) 

When « cos fl — 1 = 0, that ia, when 9 =: co8~* - , 
, _ £(^i) _ ^ 

Bnt in this case r, or F'E, is parallel to the asymptote CR 
(See Art. 114, Cor, a, and Fig. 89). That is, while Q in- 
creases from to COS"* - , T increases from ae -^ a to ao , 
tracing the branch APP. 
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When B passes the value cos"^-, e cos ^ — 1 becomes 

negative, and therefore r becomes negative, and the left- 
hand branch is generated, the negative end of r tracing 
QQ'Q" ; thus, when B = AP'H, r, being negative, is 
reckoned backwards to Q. 

When e = 90°, r = — a (e^-l) = - - (Art. 101, Cor.), 

which equals the senii latus rectum, p, with a negative 
sign (Art. 102, Cor. 4), and Q' is located. 

When e=zlSO\ r = — a (e - 1) = a — ac = — FA', 
as it should. 

While B increases from 90° to 270°, the arc Q'Q'^A'Q'" is 
traced with the negative end of r. 

When ^ = 270°, r= — a(e8-- 1) = — ^ = — j?, and 
the point Q'" is located. 

While B increases from 270° to cos"*-, V remains nega- 
tive, and increases numerically from ^ to oo , its negative 
end tracing Q", Q'^ 

At ^ = cos"'^- in the fourth quadrant, r = oo, and is 
parallel to the asymptote CR'. 

While B increases from cos~* - to 360°, r is positive, and 

diminishes from oo to a -f- ae, and the arc P'", P", A is 
traced. 

130. To find the polar equation of the hyperbola 
when the pole is at the centre. 

Changing d^y^ — Wji? z=, — a^^ into a system of polar 
co-ordinates (as in Art. 97), we have 

^ = M — rs ^2— ^"T^ = :5 — iTfi — ? (^^^ ^^^^ Cor.) (1) 

J2 eos^ B — a2 gi^a Q ^ cos^ B — 1 ^ ' ^ ' 
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Similarly^ the polar equation of the conjugate hyperbola is 

Cob. — Equation (I) shows that for every value of (? be- 
tween — cos~^ - and + coer* - , r has two real values, 

numerically equal, with contrary signs. These two values 
of r, taken together, make tlie diameter ; hence, every 
diameter of the hyperbola is bisected at the centre (Art. 
102, Sch.). 

When O = cos~^-, r=oo; but in this case, r or CR, 

e 

Fig. 89, coincides with the asymptote. 

While d increases from cos~^ - to (360® — cos~^ - j, r is 

imaginary, showing that it does not reach either branch of 
the given hyperbola- 
Equation (2) shows that for every value of B between 

cog~i - and 1 360° — cos~^ -1, r has two real values, numer- 
ically equal, with contrary signs. These two values of r, 
taken together, make the diameter of the conjugate hyper- 
bola; hence, every diameter of the conja^te hyperbola is 
bisected at the centre* 

When = cos"* -, r = x ; in this case, r coincides with 

e 

the asymptote. 

For every value of B between — cos"^ - and + cos""^ - , 

e e 

r is imaginary, showing that it does not reach either braioek 
of the given hyperbola. 

In (1), r is least when ^ == 0, giving 



/ 1^ 
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which equals a (Art. 101, Cor.). In (2), r is least when 
z=z 90°, giving r = J. Hence, in the hyperbola, each axis 
is the minimum diameter of its own curve. 

Also, it is evident from both (1) and (2) that the value of 
r is the same for B and (tt — B). Therefore, diameters which 
make supplemental angles with the transverse axis of an 
hyperbola are equal. 

131. The properties of the hyperbola hitherto established 
are similar to thos^ of the ellipse. We have now to consider 
some properties peculiar to the hyperbola, arising from the 
presence of the asymptotes. (See Art. 113.) 

132. To prove that the aisymptotes are the diagonals 
of every parallelogram formed on a pair of conjur- 
gate diameters. 

The equations of the hyperbola and its asymptotes, when 
referred to the axes of the curve, are respectively 

When we transform the equation of the hyperbola to its 
conjugate diameters (Art. 123), equation (1) becomes 

^^t. - 1. 

therefore we may at once infer that 
(2) transformed to the same conju- 
gate diameters, becomes 

^2-|rjF=0; Fig.96. 

that is, the equations of the asymptotes CB and OB', 
referred to any pair of conjugate diameters, are 
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and I' + I = ®- (*> 

Take CP = a', and OF = V. 

IJ 

Equation (3), or y = - Xy is the equation of a line pasa- 

ing through the origin and the point (a', V) (see Art. 26, 

Cor. 4), that is, through and D ; and (4), or y = ^ a?, 

is a line passing through the origin and («', — J'), that is, 
through C and E. Hence, (3) and (4), which are the 
asymptotes, are also the diagonals of the parallelogram 
EDE'D' on the conjugate diameters PP'' and PT'". 

133. To find the equation of the hyperbola referred 
to its asymptotes as OjXes, 

To do this, we must transform the equation 

aY-y^= -aW (1) 

from rectangular to ohlique axes, having the same origin. 

Let CX and CY he the old axes (Fig. 96). Take the 
lower asymptote CR' for the new axis of a:, and the other, 
CR, for the new axis of y. 

Let a:, y be the co-ordinates of any point P in the curve 
referred to- the old axes, and x\ y' the co-ordinates of the 
same point referred to the new axes. Denote the angles 
ACR' and ACR by 6 and B' respectively. 

The formulae for transformation (Art. 35, Cor. 1) are 

a; = a;' cos ^ + y' tx)s B\ 
y = a;' sin (? + y' sin 6\ 

Squaring, substituting in (1), and arranging, we have 

+ {a^ sin2 (9' _ j2 cos^ 6')y'^ V = - a^ja. (2) 
+ 2 {a^ sin 6 sin 6' — ^ cos ^ cos d') x'y' ) 
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From Art. 114, Cor. 2, we have 

tan2<? = ^ = tan*^'; 
or 



from which 


we get 




^2 gin2 d — J» cos? d == 0, 


and 


«2 gin2 d' _ ft2 cos« <?' = 0. 


Also, from Art. 114, Cor. 2, we have 






and 
therefore. 


^2 
/^rkst n i^fia. It — ~- * 


COS (7 cos <7 -_ £j2 ^ J2 > 



(3) 



a^ sin d sin 0' ^V cos <? cos 6' = - -r^- (5) 

a* -|- 52 ^ ' 

Substituting (3), (4), and (6) in (2), we get 

4a»^ 



a^ + V 



x'y' = — a2J2 ; 



or suppressing accents from the Tariables and redncing, we 
have 

xy = —^, (6) 

m 

a^ 4. J2 
and putting m^ for — -r — , we have, 

xy ±z m^y (7) 

which is the equation required. 

CoR. — The equation of the conjugate hyperbola, refen-ed 
to the same axes, is (Art 105) 

iry = — mK (8) 

If we solve (7) for x, we get 

X = —, 

y 
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which shows that as y increases^ x diminishes^ and when 
y = 00 , X = 0; that is, the curve approaches the axis of y, 
and finally touches it at an infinite distance from the centre. 
Similarly, the curve approaches the axis of x, and finally 
touches it at an infinite distance from the centre. 

ScH. — The second member of (7) is essentially positive, 
and of (4) essentially negative ; hence, both x and y have the 
same sign in (7) and contrary signs in (8) ; therefore one 
branch of the given hyperbola lies wholly in the first angle 
and the other in the third; while one branch of the conju* 
gate hyperbola lies wholly in the second and the other in the 
fourth angle. (See Fig. 96.) 

In the case of equilateral hyperbolas (Art 105, Sch. 2), 
the angle between the asymptotes, which (Art. 121, Sob.) is 

equal to sin-^-j—- rs = sin~* 1, becomes a right angle; 

Or '\- €r 

therefore, the equilateral hyperbola is also called the Rec- 
tangular hyperbola. 

134. To find the equation of the tangent at any 
point of an hyperbola referred to the asymptotes as 

ajoes. 

Let (a;', y') and (x"y y") be any two 
points, P and P', on the curve. The 
equation of the secant through these 
points (Art. 26), is 



2^ - y' = I^F (^ - '^'^ (1) 

Since («', y') and {x'\ y") are on the 
curve, we have f Art. 133), 




Fig. 97. 



x*y = m* = x"y'\ 



or 






.'/ 



which in (1) gives y --y' =l — ^,f (^ — i*^')? 

X 

which is the equation of the secant to the hyperbola. 



(3) 
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When the points become consecutive^ we have a/' = a?' ; 
hence (2) becomes 

y-y' = -fi(^-a^> (3) 

Clearing (3) of fractions, transposing, and uniting, we 

have 

x'y + y'x = 2a;>', 

or %+y-=^, (4) 

X y 

which is the equation of the tangent required. 

CoR. 1. — Making y and x successively == in (4) we get 

x — 2x' = CT, and y = %y' ^ CT'. 

Hence, P is the middle point of TT' ; therefore, the portion 
ofihe tangent included between the asymptotes is bisected at 
the point of contact. 

CoE. 2.— -From Oor. 1, we have, 

CT X CT' = ix'y' = a3 + J8 (Art. 133). 

That is, the rectangle of the intercepts cut off upon the 
asymptotes by any tangent is constant, and equal to the sum 
of4he sqttares on the semi-axes. 

Cob. 3.— The area of the triangle TCT', Fig. 97, is 
= iCT X CT' sin TCT' 

= 2.Ty X ^^j2 (^0^- 1> »"* ^r*- ^^^> Sch.), 

z=z ab =: constant. 

Therefore, the triangle included between any tangent and the 
asymptotes is constant, and equal to the rectangle of the semi* 
axes. 
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135. To prove that the intercepts of a secant be- 
tween the hyperbola and its asymptotes are equal. 

In equation (2) of Art. 134, make y = 0, and get 

X z=z X" + X' 

= CN (Fig. 97). 
Hence, CN — a;' = x", 

or M'N = D'F; 

therefore, NP = NT' ; 

•that is, the intercepts of the secant are eqnuh 

ScH. — This proposition affords a convenient method of 
constructing the curve. If the axes are given, construct 
the rectangle on them, the diagonals of which are the 
asymptotes. Then through the extremity of the transverse 
axis, draw a right line intercepted by the asymptotes ; lay 
off on this line from one asymptot-e a distance equal to the 
extremity of the axis from the other asymptote ; the point 
thus found will be a point of the curve. In this manner, 
find any number of points, and draw a line through them ; 
this will be the required curve. 

136. To prove that the parallelogram formed by 
draming lines from, any point of an hyperbola paral- 
lel to and terminating in the asymptotes, is equal to 
one-eighth the rectangle on the axes. 

CaU the angle TCT' (Fig. 97) ; the area of CMTD 
= x'y' sin ^ 

= ?!-±-^ X -PK^ (Art. 133, and Art. 121, Sch.) 

^ a^ -\-l^ 

= i«J = |(2a . 25), 
which proves the proposition. 





^ 


Fig, 98. 
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137. To find the equations of two conjugate didm- 
eters of an hyperbola referred to its a^symptotes. 

The diameter which passes through 
the origin and the point P {x\ y') is 
represented (see Art. 26, Cor. 4) by 

'^ X 

or -, - ^, = 0. (1) 

X y ^ ^ 

The diameter conjugate to this one, CD, is parallel to the 
tangent at {x', y'), and therefore (Art. 134, Eq. 4) its equa- 
tion is 

y' 

or -' + I' = ^- (2) 

X y ^ 

CoR. — ^When the diameters PP' and DD' become the axes, 
A A' and BB', we haye, since the axes bisect the angle be- 
'tween the asymptotes, 

CM' = M'A, or x'-'i/\ 

therefore (1) and (2) become 

a; — y = 0, and a; + y = 0, 

which are the equations of the axes referred to the asymp- 
totes. 

138. Given the co-ordinates of the extremity of a 
diameter, to find those of the extremity of its con- 
jugate. 

Let {x\ y') be the point P (Pig. 98), and (a;", y") the 
point D. 

The equation of DD' (Art 137) is 

-, + ^, = 0. (1) 

X y ^ ' 
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The equation of the conjugate hyperbola (Art 105) is 

aY — Vh^=: a^b^. (2) 

Eliminating between (1) and (2), we get 

X" = T x\ y" = ± y'. (3) 

CoE. 1. — The equation of the tangent at P {x\ y') (Art. 
134) is 

The equation of the tangent at D {x'\ y"), the extremity 
of the conjugate diameter (Art. 134) is 

X_ X — 9 

x'' "^ y" ~ "^^ 
or from (3), ?,^|., = -2. (5) 

Adding (4) and (5), we get a; = as the locus of the 
intersection of the tangents (4) and (5). which is the equa- 
tion of the axis of y, or the asymptote CR'. Therefore, 
tangents at the extremities of conjugate diameters meet on the 
asymptotes, 

CoR. 2. — Since T' is a vertex of the parallelogram formed 
on the conjugate diameters PP' and DD', we have 

PT' = CD ; 

therefore, TT' = 2PT' = DD' ; 

that is, the portion of the tangent at any point of an hyper- 
hola, included between the asymptotes, is equal to the diameter 
conjugate to that which passes through the point of contact. 

139. // a chord be drawn parallel to any diameter, 
it mill be bisected by the conjugate diameter pro- 
diuced. 

Let QQ' be drawn parallel to DD' (Pig. 98) ; then will it 
be bisected at M'' by CP produced. 
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Since QQ' is parallel to DD', its equation will differ from 
that of DD' only by a constant term ; therefore [Art 138, (1)] 

is the equation of QQ'. 

Combine (1) with the equation of PF (Art 137), which is 

and we get x = -J^a;', y = ^cy', 

• 

as the co-ordinates of M". But from (1) we have 

CR = ca/, and CR' = cy' ; 
therefore M'' is the middle point of RR'. But (Art 135), 

RQ = R'Q' ; 

therefore, QM" = M"Q', which proves the pivpositian. 

BXAMPLBS. 

1. Find the axes of the hyperbola whose equation is 

3y* — 2a:' + 12 = ; also the eccentricity of the given and 

the conjugate hyperbola, and the parameter. 

_ _ 8 

Ans. a = V6, J = 2; e = Vi; e' = Vi; 2/?=— ^• 

2^ Find the intersection of the hyperbola 3^— 2a:^+ 12=0 
and the circle o.-^ + y8 = 16. ^;,^. (.f. 2V3, ± 2). 

3. Find whether the line y = ix cuts the hyperbola 
5y8 — 2a:2 = — 16, or its conjugate. 

Ans, It cuts the conjugate. 

4. Find the equation of an hyperbola of given transverse 
axis, whose vertex bisects the distance between the centre 
and the focus. Ans. j^-^^x^z=z — 3a*. 
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^ 5. If the ordinate MP (Fig. 95) of an hyperbola be pro- 
duced to Q, so that MQ = FT, find the locus of Q. 

Ans. A right line. 

6. If an ellipse and an hyperbola have the same foci, 
prove that their tangents at the points of intersection are at 
right angles. (See Art. 75, Cor. 2, and Art. 107, Cor.) 

7. Find the condition that the line ( f- ^ = 1) shall 

\m n / 

-o — Ti = 1 )' -4w^. —5 5 = 1- 

[To obtain this, compare f- ^ = 1 with equation of 

tangent (Art. 107), which is 

^-f' = l(Art.l06), 

and we have — = — and r = > 

am o n 

which in equation of curve gives the answer.] 

8. Find where the tangents from the foot of the directrix 
will meet the hyperbola, and what angle they will make 
with the transverse axis. 

Ans. The extremity of the lotus rectum ; tan~^ ± e. 

9. Find the angle included between the asymptotes of the 
hyperbola l^f — 9^2 = — 25. Ans. 73"* 44'. 

10. Find the perpendicular from the focus of any hyper- 
bola to its asymptotes. Ans. The semi-conjugate axis. 

11. If 3AC = 2CF' (Fig. 95), find the inclination of the 

asymptotes to the transverse axis. . f -i V5 

_. 

12. If the asymptotes of the hyperbola are axes, show 
that the equation of one directrix is a; + y — a = 0. 

• [See Art. 137, Cor.] 
9 
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13. Prove that if a circle be described with the focus of 
an hyperbola for its centre and with a radius equal to the 
semi-conjugate axis, it will touch the asymptotes in the 
points where they are cut by the directrix. 

14. Prove that the radius of a circle which touches an 
hyperbola and its asymptotes is equal to that part of the 
latus rectum produced which is intercepted between the 
curve and the asymptote. 

15. Find the length of the normal NP and of BP (Fig. 88). 

[See Art. 108, Cor. 1.] ^^^ NP = — BP = — • 

a * b 

16. Prove that the product of the two perpendiculars let 
fall from any point of an hyperbola upon the asymptotes is 

constant and equal to , . ,^ ' 

17. Tangents to an hyperbola are drawn from any point 
on either branch of the conjugate curve; prove that their 
chord of contact touches the opposite bmnch of the conju- 
gate curve. 

[Take the diameter passing through, the point for axis of 
y, and the conjugate diameter for axis of x; equation of 
chord of contact is 



XX 



L'9 •'■9 



which soon reduces to y = J' ; .•. etc.] 

18. In any equilateral hyperbola, let ^ = the inclination 
of a diameter, passing through any point P, and 0' = that 
of the polar of P, the transverse axis being the axis of x; 
prove that tan tan <p' = 1. 

[Equation of diameter is y = — a;' ; .•. ^, = tan ; 

X X 

x' 
polar of P is xx' — yff = <j^\ .*. - = tan 0' ; .'. etc.] 
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19. Prove that the middle points of a series of parallels 
intercepted between an hyperbola and its coDJugate, lie on 
the curve whose equation is 

[Take for axis of y the diameter parallel to the lines, and 
for axis of x the conjugate diameter.] 

20. Between the sides of a given angle 0, a right line » 
moves so as to inclose a triangle of constant area = ^; 
prove that the locus of the centre of gravity of the triangle 
is the hyperbola whose equation is ^xy sin ^ = 2J2, 

[Take the sides of the angle for the axes.] 

21. A tangent at the extremity of the latus rectum of an 
hyperbola meets any ordinate MP produced in B; prove 
that PP = MR, where F is the focus through which the 
latus rectum passes. 

22. If from a point P in an hyperbola PK be drawn 
parallel to the transverse axis, cutting the asjnnptotes in I 
and K, prove that PK x PI = a^ ; or, if parallel to the con- 
jugate, PK X PI = ^>2. 

[Combine equation of line through P {x\ y') with equa- 
tions of asymptotesi etc.] 



CHAPTER VIII. 

GENERAL EQUATION OF THE SECOND DEGREE. 

140. It has been shown (Art. 23) that every equation of 
the first degree between two variables is the equation of a 
right line. We have seen that the equations of the circle, 
parabola, ellipse, and hyperbola are all of the second degree. 
We shall now show that every equation of the second degree 
between two variables is the equation of a circle, a parabola, 
an ellipse, an hyperbola, or a right line, two right lines, or 
a point. 

141. The most general form of the equation of the second 

degree is 

(U^ + bxy + cy^ + dx + ey +f = 0, (1) 

where a, J, c, rf, e, / are all constants. 

Five relations between the coefl&cients are suflScient to 
determine a locus of the second degree, although (1) con- 
tains six constants. The nature of the locus depends, not 
on the absolute magnitude of the coefl&cients, but on their 
mutual ratiosy for if we niultiply or divide (1) by any con- 
stant, it will still clearly represent the same locus. We 
may, therefore^ divide (1) by /, so as to make the absolute 
term = 1, and there will then remain but five constants to 
be determined. 

If the locus passes through the origin, /= (see Art. 41, 
Cor. 2), and (1) becomes 

a^ + hxy + cf + dx + ey = 0, (2) 

which is the equation of the locus when it passes through 
the origin. 



TRANSFORMATIONS OF THE EQUATION. 



197 



K the origin of co-ordinates be taken at the centre of the 
locus (Art. 71, Sch.), for every point {x\ y') whose co-ordi- 
nates satisfy the equation, there will be a corresponding 
point (— ic', —y') whose co-ordinates also will satisfy the 
equation ; hence, token the centre is the origin, the equation 
toill not he altered iy writing — a:, — y for a:, y ; therefore, 
the terms of the first degree must vanish from it. In order, 
then, to find the centre of the locus, we must transfer the 
origin to a point {x\ y'), and then see what values of x\ y' 
will make the new coefficients of x and y" vanish. These 
values of x' and y' will be the co-ordinates of the centre of 
the locus referred to the original axes. In the following 
transformations, we shall suppose the co-ordinate axes rec- 
tangular ; for if they were oblique, we might transform the 
equation to one in which the axes were rectangular, without 
affecting the degree or form of the equation. 



FIRST TRANSFORMATION. 

1JI2. The object of this transformation is to remove from 

aa^ + hxy -\- cf -\- dx + ey +f= (1) 

the terms involving the first power of x and y. To do this 
we transform (1) to parallel axes passing through a new 
origin {x', y'). 

The formulas for transformation to parallel axes through 
(ar', y') are (Art. 33), x=:x^ + x, y = y'-\- y, where x' and 
y' are put for m and n. Substituting these values for x and 
y in (1), and arranging the terras of the resulting equation, 
we have 

= 0, (2) 



aafi + hxy + cf + 2ax' 


X +2cy' 


y+ ax'^ 


+ w 


+ bx' 


+ bxfy' 


+ d 


+ e 


+ cy'^ 


+ dx' 


+ ey' 






+ f 
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or aa? + bxy + cf+ d'x + e'y+f zzzO, (3) 

from which we see that the coe£GicieDts of a?, a:y, and y* are, 
as before, a, J, c ; that 

the new d \s rf' = 'Hax' + Jy' + d; 

the new 6 is e' = 2cy' + &r' + «; • 

the new /is /' = aa;'* + bodtf + cy'2 + efa' + ^' +/. 

Hence, if the equation of a locus of the second degree be 
transformed to parallel axes through a neto origin, the coef- 
ficients of the highest potoers of the variables will remain 
unchanged, tohile the new absolute term will be the result of 
substituting in the original equation the co-ordinates of the 
neio origin. 

Putting the coefficients of x and y in (2) equal to 0, we 

have 

%ax' + Jy' + rf = 0, (4) 

"iici/ + 5a;' + c = 0, (5) 

which are the equations for the centre of (1). 

Equations (4) and (5) may thus be obtamed: For (4) take 
only those terms of (1) tohich involve x; multiply each term 
by the exponent of x in it, and diminish that exponent by 
unity. Equation (6) may be obtained similarly by substi- 
tuting y for X in the above rule. Thus, the equations for 
the centre of the locus represented by 

4a;2 + 3a?y + 2y2 _ l4y + 17 = 
are 8a; + 3y = and 3a: + 4y — 14 = 0. 

ScH.— Solving (4) and (5) for a/ and y\ we 6nd them to be 

, ^cd — be /^v 

, , ^ae — bd ,^. 

which are the co-ordinates of the centre with reference to 
the old axes. 
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It is plain that these values of x' and y' will always be 
finite, except when 1^ — 4a(? = 0, in which case they will 
be infinite. Hence, loci of the second degi*ee may be divided 
into two classes: I, those which have a centre; II, those 
which in general have not a centrey oi' rather, whose centre 
is infinitely distant: The first are often called Central 
Carves, while the second are called Non-centnd Carves. 
We shall first consider the case of central loci. 

Substituting (4) and (5) in (2), and representing the 
absolute term by / » ftir shortness, we have 

aa^ + bxy-hcf+f = 0. (8) 

We see that if (8) is satisfied by any values, x' and y' for 
X and y, it is also satisfied by the values — x' and — y\ 
Hence, the origin of co-ordixiates in (8) is the centre of the 
locus which (1) or (8) repreisents. 

SECOND TRANSFORMATION. 

143. The object of tbJm tniiDsf<»rmation is to remove from 

aa^ + bzy'hcf+f = (1) 

the term involving xy^ and leave (1) in the form 

a'a^ -h c'f +f = 0, 

where if any value be given to one of the variables, the 
other will have two equal values, with contrary signs. 

To effect this transformation, we revolve the axes of co- 
ordinates through the angle till they coincide with the 
axes of the locus. The formulae for this transformation 
(Art. 35, Cor. 3), cire 

ic = a;' cos — y' sin By 

y = x' sin ^ + y' cos B, 

Substituting these values for x and y in (1), and arranging 
the terms, we have 
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a 00^ 6 

+Jsin0cosd 



x'^—^asindco^B 



x'j/ +asin^B 



—J Bin 6 cos 
+ cco^B 



(2) 



+ 2csin0cos0 
If we equate the new coefificient of aft/ to 0^ we obtain 
2 (c — a) sin dco^B + b (co# B — sin^ B) = 0, 
or (c — a) sin 20 + J cos 20 = ; 



therefore, 



tan 20 = 



a — c 



(3) 



from which we may determine the angle B through which 
the co-ordinate axes must be turned to remore the term 
containing xy. 

As the tangent of an angle may have any value, positive 
or negative, from to oo , it follows that (3) will always give 
real values for 2 ; that is, there are two real lines at right 
angles with each other to which when the locus is refeiTed, 
the term involving xy vanishes. 

Substituting (3) in (2), we have, for the required trans- 
formation of (1), 

{a cos2 + ^ sin cos + c sin2 B)xf^ \ 
+ \a sin2 — * sin cos + c cos^ 0) y 2 > = 0, (4) 

or, omitting the accents from the variables, and writing a* 
and d for the coefficients of a^ and y^, we have 

a! 7^ + ^y + / = 0, (5) 

which is the equation of the locus referred to its centre and 
axes. 
To find the values of a' and c' in (5), we have 

d = acos2 -h *sin0cos0 + csin2 [from (4)] 

= i[acos20 + a(l — sin20) + csin2 4- ^(1 — cos^d) 

+ 25 sin cos 0] 

= i [« 4- c 4- (« — c) cos W-\-b sin 20]. (4)' 
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Similarly, d = i [a + c - (« — c) cos 20 — ft sin W], (5)' 
From Trigonometry we haye 

cos W = ^ = 

Vl + tan2 W V^4- (a — cf 

[from (3)] ; also 

, * 

sin 20 = Vl - cos8 W = -j====r==.-.' 

\l^ + (a — cf 

Substituting these values of cos 20 and sin 20 in (4)' and 
(5)', we get 

r {a — g)g + ft^ "1 

a' = t a + c + /To- — 7-- ;; 

L Vo^ + (« — ^)^J 

= l[« + c+VPT(«^^2] (6) 

also, ^ = i[a + ,^ ^^^==^==^^ 

Hence, we see that the general equation of the second 
degree given in (1) of Art. 141 can always be transformed 
to the form given in (5), provided that it is not subject to 
the condition l^ — 4ac = (Art. 142, Sch.). 

Cob. 1. — Multiplying (6) and (7) together, we have 

dd = 1 [{a + c)2 - *« - (a — cf\ = ^J- (4ac — ¥). 

Hence, if a' and d have like signs, ^ac — V^ will be positivey 
or ft2 — iac will be negative ; but if a' and d have unlike 
signs, J2 — 4ac will be positive. 

Cob. 2. — When J^ — 4flfc < 0, a' and d have the same 
sign (Cor. 1); if/' have a contrary sign from a' and &, 
(5) becomes 

^; .x^ + -^ y» = 1, (8) 
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which is the equation of an ellipse [Art 71, (3)] whose axes 

are \/A and \/^- 
\ a \ c 

U (/ = a', (8) becomes 

^+2^ = 7' 

which is the equation of a circle whose radius is 

If /' = 0, (8) becomes 

a'a^ + c'f = 0, 

which is the equation of the two imaginary right lines 

xVa' -I- yV—c' = 0, and xVa' — y V— c' = 0, 

which meet in the real point x = 0, y = 0; or it is the 
equation of the origin, or the ellipse diminished indefinitely. 

If /' have the same sign as a' and c', (5) becomes 

|-!ar^ + -^^= -1, 

which cannot be satisfied by any real value of x and y; 
therefore the locus is imaginary. 

Hence, if i^ — 4ac < 0, the general equation of the second 
degree between two variables represents an ellipse^ a circle, a 
pointy or an imaginary locus. 

CoR. 3. — When i^ __ 4^ > 0, a' and c' have unlike signs 
(Cor. 1). Suppose c and /' to be positive, and a' to be 
negative; (5) becomes 

|!r^«^y3 = l, (10) 

which is the equation of an hyperbola [Art. 102, (3)] whose 
axes are \/ —, and \ ^ • 
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If a! and /' are positive^ and c' negative, (5) becomes 

j,^-^,f = -i, (11) 

which is the equation of an hyperbola [Art. 106, (1)] conju- 
gate to (10). 

If/' = 0, (10) or (11) becomes 

a'oD^ — c'f = 0, 

which 19 i&e equation of the two lines 

intersecting at the origin. 
If c' = a\ (10) and (11) become 

^ — U^ = —,y and o^^fA =z —'^, 

which are equilateral hyperbolas [Art. 105, (2) and (3)]. 

Hence, if 1^ — ^ac > 0, the general equation of tJie second 
degree between two variables represents an hyperbola or its 
conjugate, an equilateral hyperbola, or two right lines inter- 
secting each other. 

144. We have shown (Art. 142) that the coeflBcients of 
the firat three terms of the general equation of the second 
degree between two variables are not altered by a transfer 
of the origin ; we shall now show that when the axes are 
turned through an angle 0, and the new coefficients of the 
first three terms are denoted by a', ft', c', we have the rela- 
tions a' + c' = a + c and b'^ — 4aV = ft* — 4ac, 

From (2) of Art 143, we have 

a' = a cos^ 6 + bsiuOcosS + c sin^ 

== i [a 4- c + (a — c) cos 2d + ft sin 26] [from (4)']. (1) 

ft' = 2 (c — a)sin OcobO -f ft (cos^d— sin^d) 

= (c — a) sin 2d + ft cos 2^ (2) 
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c ^= a sin^ B — bsmB cos S + c cos^ B 
= j^|a+c— [(«—(?) cos 2(9 + i sin 20]} [from(5)']. (3) 

Adding (1) and (3), we get 

a' + c' =« + (?. (4) 

Also, from (1), (2), and (3), we have 

h'% - 4/zV - i [(^ - «) si« 2(>+* cos 20P ) 

^ "" I -{(a+c)8-[(a-c)cos20+isin20]«} f 

_ j (a - c)2 (sin* W + cos* 20) ) 

— I + ^(cos22(9 + sin220) — (a + c)* f 

= (a — c?)2 + J«— (a + cf'y 

that is, *' 2 — 4a'c' = J* — 4flc. (5) 

Thus, the expression }* — 4ac has the same value 
whether it be formed irom the coefl&cients of the general 
equation of the second degree, as given in (1) of Art. 141, 
or after one or both transformations have been made, as in 
(8) of Ai-t. 142, or (5) of Art. 143. 

145. To sum up hriejiy : 

1st. In order to reduce the equation of a central 
locus to parallel a^xes through its centre, we have the 
following directions: 

1. The coefficients of the first three terms remain unal- 
tered (Art. 142). 

2. The co-ordinates of the centre of the locus are given 
by (6) and (7) of Art. 142, Sch. 

3. The absolute term is replaced by a new one, which is 
the result of substituting in the original equation the co- 
ordinates of the centre (Art. 142). 

The equation is now reduced to the form 

c^ + lxy + cf + /' = [Art. 142, (8)], (1) 

where the origin is at the centre of the locus. 
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2d. To reduce (1) to the form a'o? + c'y^ +f' = by 

turning the axes through the angle ^ = J tan"^ • 

(Art. 143.) 

, 4. The coefficients a' and c' are given in (6) and (7) of 
Art. 143. 

5. The absolute tenn, /', remains unaltered [Art. 143, (2)]. 
The equation is now reduced to the form 

a' 7^ + cy +/' = [Art. 143, (5)]. (2) 

146. We shall now consider the case in which 

^ — 4ac = 0. 

We saw (Art. 142, Sch.) that in this case the centre was 
infinitely distant, or, in other words, that there was no 
centre. We cannot, therefore, remove the terms* dx and ey 
from the general equation by changing the origin to the 
centre, as we did in Art. 142 ; but we can remove the term 
xy from the equation by turning the axes through the 
angle 6, as we did in Art. 143, where is obtained from (3) 
of Art. 143. 

Substituting x cos — y' sin 6 for x, and a;' sin 6 + y' cos S 
for y in (1) of Art. 142, and arranging as in (2) of Art. 143, 
we have 

{a cos^ e + beineco9e + csin^O) x'^ 
{'-2a&mecos6-\-bco9^e'-bsiii^e + 2csmeco8e)xy 

(+ a&in^e — Jsin 0co8(9 + ccos^ffjy'^ i _ ^ 

{+ dcosd + esiuO)x^ 
{+ eooa6-^d8md)y' | (i) 

+ / 

Now, for tan 2$ = , the term containing x'y' in 

d — c 

(1) vanishes, by Art. 143, (2) ; and if we denote the coef- 
ficients of x^% y'% x\ y\ bj £»', c\ d', c\ (1) becomes 

aV8 + dy'^ -f d!x' + e'y' + / = 0, (2) 
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where a' and c' have the values given in Art. 143, (6) and 
(7)9 and d' and e' have the values given in (1) ; that is, 

d' = dcosO 4- csin ^, c' = ecos — dsinS. (2)' 

Now (Art. 143, Cor. 1), a'c' = i (4ac — J»), which, hy 
the present hypothesis, is equal to ; therefore, a'e' = 0, 
and hence either a' or </ must equal 0. We shall suppose 
that a' = 0, which reduces (2), hy omitting accents, to 

(ff + d'x + e'y+f^O. (3) 

BEMARK.-^If we were to euppoee e' = 0, instead of a' = 0, the 
equation would represent the same form of locus that (3) represents, 
except that the locus would be situated with respect to the axes of x 
and y just as that of (3) is situated with respect to the axes of y and 
X respectively. 

Now transform the origin to a point (a/, y'), by putting 
a/ + a: for rr, and yf + y for y in (3), and it becomes, 

df+d'x+{%dy' +c') y + (c/y 2-htfV +dj/ +.0 = 0. (4) 

Equating the coeflBcient of y and the absolute term = 0, 
in (4), we have 

2d'y + ^'=0, or y = -|,; (5) 

c'yHe?V+ey+/=0, or a/=— ^^^; (6) 

and (4) becomes 

df+d!xz=% or y2= -^tc, (7) 

which is the equation of a parabola [Art. 53, (2)], in which 
the axis of x is the axis of the curves and the origin of co- 
ordinates is at the vertex. If d' and d have the same sign, 
the curve is to the left of the origin ; and if d' and d have 
nnlike signs, the curve is to the right of the origin (Art. 53, 
Cor. 2). 
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Cor. — If <f = in (3), the equation becomes 

c'y' + e'y + / = 0, (8) 



which represents (Art. 23) two right lines parallel to the new 
axis of Xf which are real and different^ real and coincident^ 
or ifnaginary, according as 

^»-4<r/>, =, <0. 

Hence, when l^ — 4ac = 0, the general equation of the 
second degree between two variables represents a parabola^ 
two parallel right lines, two coincident tight lines, or two 
imaginary parallel right lines. 

ScH. — The results of the foregoing articles, as determin- 
ing the species of the locus may be summed up as follows: ' 

27ie general equation of the second degree between 
two variables always represents a parabola, an ellipse, 
an hyperbola^ Dr some one of their limiting cases, 

V — ^ac = represents the parabola, 
y _ 4a^ < " " ellipse. 

J2 _ 4^^ > " " hyperbola. 

EXAMPLES. 

1. Determine the species and situation of the locus whose 

equation is 

5aj2 -h 2a^ + 5y2 — 12a; — 12y = 0, (1) 

and transform the equation (Arts. 142, 143) to its axes, and 
illustrate each transformation by a figure. 

Since the absolute term is wanting, the locus passes 
through the origin (Art. 141). 

Here 6 = 2, a = 5, c = 5; hence, V^ — ^ac = — 96, 
< 0. Therefore the locus is an ellipse. 
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1st. By Art. 146, (2), the 
co-ordinates of the centre are 
a; = y = 1. That is, the cen- 
tre of the ellipse is at the point 

(1, 1). 

If then we transform the 

origin from to C, the centre, 

so that 0M = CM = 1, and 

the new axes of co-ordinates. 

Ox and Cy, are parallel to the 

old ones, OX and OY, the 

transformed equation is found 

to be 

bx^ + 2xy + 6y^ — 12 = 0. 

2d. By Art. 145, (4), we have 

«' = i(5 -h 6 + Vr+O) [Art. 143, (6)] = 6 ; 




Tig. 99. 



(2) 



c' = 1.(6 + 0- V4+.0) = 4. 
tan 26 = 



^- [Art. 143, (3)] = I = 00 ; 



hence, = 45° ; that is, the new axis of x is inclined to 

the original axis of x at an angle of 45°. 

Hence, if the axes Gx and Gy are tnmed through 45°, 

(2) becomes 

6ic2 + 42/2 — 12 = 0, 

or ix^ + ^y2^i^ (3) 

which is the equation of an ellipse referred to its axes, the 
axis of X coinciding with the minor axis, and the axis of y 
with the major axis, the semi-axes being V3 and V2; 
therefore the major axis of the ellipse is inclined to the 
original axis of x at an angle of 135°. 

To construct the figure, let OX and OY be the original 
axes ; locate the new origin C at (1, 1), and draw the second 
set of axes, Gx and Gy, parallel to the old ; then, as ^ = 45°, 
draw Gx', making with Gx an angle of 45°, and Cy' perpen- 
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dicnlar to Cx' ; lay oflf CD = ^/2 and CH = \/3, as these 
are the semi-axes. The rest of the construction is as in 
Art. 72, giving us Fig. 99. 

To find where the locus cuts the original axis of x, make 
y = in (1), and get, after dividing by 6, 

from which we have a; = and a; = 2f as the points 
and B. 

To find where the locus cuts the second axis of Xy make 
y = in (2) and get x^ = ^, from which we have 

as the points E and E'. 

To find where it fcuts the new axis of x, make y = in 
(3), and get a;* = 2, or a: = ± V2, as the points D and 0. 

2. Find the species and situation of the locus 

2a;y — a; + 1 = 0, (1) 

and transform and construct as in Ex. 1. 

Here A = 2, a = 0, e? = ; .*. ^ — 4ac = 4, > ; hence 
the locus is an hyperbola. 

1st. By Art. 145, (2), the co-ordinates of the centre are 
a; = 0, y=i. 

Now transform to parallel axes through the centre 
(0, i), and (1) becomes 

2a;y -h 1 = 0. (2) 

2d. By Art. 145, (4), we have 

a' = i(0 4- V4) = l; 

c' = - 1 [Ari;. 143, (6) and (7)] ; 

tan20 = ^ = oo; .-. « = 45°; 

that is, the new axis of x {Gx') is inclined to the old axis of 
X at an angle of 45°. 
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Therefore, turning the axes G^ and Oy through 45°, 
(2) becomes 

a^-yJ + l = 0, (3) 

which is the equation of an equilateral hyperbola referred 
to its axes. The form of (3) shows that the axis of x coin- 
cides with the conjugate axis, and the axis of y with the 
transverse axis (Art. 105, Sch. 2) ; therefore it is the conjugate 
or y hyperbola (Art. 105), the semi-axes being 1 ; and hence 
the transverse axis of the hyperbola is inclined to the origi- 
nal axis of X at an angle of 135"^. 

To construct the figure, 
let OX and OY be the old 
axes ; locate the new origin 
G at (0, ^), and draw the 
second set of axes Gx and Gy 
parallel to the first ; then, as 
B = 45°, draw Gx' making 
with Gx an angle of 45°, and 
Gy' perpendicular to Gx^] 
lay off GA and GB = 1, as 
these are the semi-axes. The 
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rest of the construction is like that in Art. 103, giving us 
Fig. 100. 

To find where the locus cuts the original axis of a;, make 
y = in (1), and get a: = 1. 

The form of (2) shows it to be the equation of the conju- 
gate hyperbola referred to its asymptotes (Art. 133), for (8) 
of Art. 133 is 



iry = — 



a« + 5a 



which in the present example becomes 

1^ + P _ _ 1 

4 "" "S' 



iry = — 
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3. Find the species and situation of the Icx;us 
ii« — 2a:y + y* — 8a; + 16 = 0, 
and transform and construct 

*« — 4a(? = 0; 

therefore the locus is a 
parabola. 

The transformation is 
effected by Art. 146. 

tan 2d = -— 
a — c 

= -Qo; 

e = 45°. 



(1) 







Fig. 101. 



Hence the new axis 
of X {Ox) is inclined to the old at an angle of 45°. 

c' = i(l + 1 + Vi) = 2 [Art 143, (7)] ; 

[here we take the minus value of Vi^ + (a — cp because 
we squared — 2 to get J']. 

d' = J(- 8V2 -f 0) = — 4V2 [Art 146, (2)']. 
e' = iV2 (8) = 4V2 [Art. 146, (2)']. 

Therefore, turning the axes OX and OY through 45°, 
(1) becomes 

2f — 4\/2iC + 4\/2y + 16 = [x\rt 146, (3)], 

or y* __ 2 V2a; + 2V2y +8 = 0. (2) 

Now transform to parallel axes, O'x' and O'y'. From (5) 
and (6) of Art 146, we have 

y' = - V2, x' =z iV2, 

which in (4) of Art 146 gives 

2f — W2x = 0, or f = 2\/2ar, 

which is the equation of a parabola referred to its vertex and 
axis. [See Puckle's Conic Sections, p. 156.] 
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To construct the figure, let OX and OY represent the 

original axes ; then, as = 45°, draw Ox, making with OX 

an angle of 45°, and draw Oy perpendicular to Oa:; Oa; and 

Oy will be the second set of axes. Locate the new origin 0' 

at (f a/2, — • V^), as referred to the second set of axes, and 

draw the axes O'x' and 0'^^' parallel to Ox and Oy ; V will 

be the axis of the parabola, and O'f/ will be tangent to it at 

the principal vertex. Prom the parameter, 2a/2, the curve 

may now be constructed as in Art. 52. 

Remark 1.— The equation ^' = 2^2^ might have been obtained 
immediately from (7) of Art. 146, by simply finding the values of d 
and d'. 

To find where the locus cuts the original axis of ar, make 
y = in (1), and get a; = 4 ± 0; that is, the curve is tan- 
gent to the axis of x at (4, 0). 

Solving (1) for y, we get 

y = a; ± V8a; — 16. (3) 

For every value of a; < 2, y is imaginary ; when a; = 2, 
y = 2 ± 0, showing that the curve is tangent to the ordi- 
nate at the point (2, 2). For every value of a; > 2, there 
are two values of y, one equal to that value of a; + the 
corresponding value of the radical, and the other equal to 
that value of a: — the corresponding value of the radical ; 
that is, the line y = a; is such that if from any point of it 
whose abscissa > 2 we lay off a distance upward and also 
downward equal to the corresponding value of the radical, 
we shall determine two points of the curve ; hence the curve 
is symmetrical with respect to the line y = a:, which is 
therefore a diameter of the parabola, since it bisects a system 
of parallel chords. The equation of this diameter, y = x, 
shows that it passes through the origin, and is inclined to 
the axis of x at an angle of 45°, and hence it coincides with 
the axis Oa;. 

Bemark 2. — In the above solution, we supposed 26 to be in the 
ueand quadrant ^ where the tangent is minus, in which case when the 
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tangent reached its limit, ~ oo , 2d became 90% and .*. 6 = 45°. We 
might have supposed 2d to be in the fourth quadrant, estimated in the 
negative direction, where the tangent is minus, in which case wlien the 
tangent reached its limit, — oo, 20 would become —90*', and .*. 
6 = — 45°. If in this case we take the positive sign of the radical in 
(6) and (7) of Art. 143, we shall have a' = 2, <?' = ; and turning the 
axes through — 45°, the final equation becomes a^ = 2\/2y, which is 
the equation of a parabola whose axis coincides with the axis of y ; 
in this case, the final axis of x falls on O'y", and the axis of y on OV. 

4. Find the species and situation of 

a?» — 2a;y -f y^ — 26^ = 0, (1) 

and transform and construct. 

52 — 4ac = ; .'. the locus is a parabola. © = — 45°. 
From Art. 143, (6) and (7), we have a' = 2, c' = 0. 
From Art. 146, (1), d'=zO, e' = 0, / = — 2(^. 

Therefore (2) of Art. 146 
becomes 

2ar» — 2c2 = 0, 

or a^ — c^ = 0, 

or {x—c){x+c) = 0, (2) 

which represents two lines 
parallel to the axis of y, 
one c to the right, and the 
other c to the left of it. 

This may be seen imme- 
diately by putting (l)_in 
the form (a; — y — cV^) {^ — y + cV^) = 0, which gives 

y z=z x—- cV^ and y =z x + cV^, (3) 

which represents parallel lines making an angle of 45° with 
the axis of x. 

To construct the figure, let OX and OY represent the 
original axes ; then, as = — 45°, draw Ox making with 
OX an angle of — 45°, and draw Oy perpendicular to Ox. 




Fig. 102 
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Ox and Oy will be the new axes. Now lay off OM and OM' 
each = Cy and draw MN and M'N' parallel to Oy ; they will 
be the required lines represented by (2) and also by (3), as 
is easily seen. 

5. Find the species and situation of 

bx^ + %xy + 5y2 — ncV^x — 12cV2y — 0, (1) 
and transform. 

^ — 4tac < 0; .*. the locns is an ellipse. B = 45° ; by 
Art. 143, (6) and (7), we have a' = Qy c' = 4 ; by Art. 142, 
Sch., (6), (7), the centre is at (c V2, cV^) ; by Art. 142, 
/' = — 24A Therefore, Art. 143, (5) becomes 

6.^ + 4y8 — 24c2 = 0, 

which is the equation of an ellipse, the axis of x coinciding 
with the minor axis ; the semi-axes are cV^ and 2c. 

6. Find the species and situation of 

a^ + 'Zxy—f'-'2€X + 2cy — 4^ = 0. (I) 

ja __ 4ac> ; .-. an hyperbola. 6 = 22^° ; a' = \/2, 
c'= — V2 (Art. 143); centre at (0, c) (Art. 142, Sch.); 
/' = — 3c2 (Art. 142) ; therefore, Art. 143, (6) becomes 

which is an equilateral hyperbola. 

7. Find the species and situation of 

^^2xy +y^^ ^cV2x = 0. (1) 

J« — 4«c = ; .'. a parabola. ^ = — 45° ; «' = 2, c' = 
(Art. 143) ; e' = — 4c [Art 146, (2)']. 
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Therefore [since c' vanishes instead of a! (see Bemark of 
Art. 146)], (7) of Art. 146 becomes 

a'7^ + e'y = 0, 
which in the present example becomes 

M — icy ^ Oy 
or a^ = 2cy, 

which is the equation of a parabola whose axis coincides 
with the axis of y. (See Bemark 2, Art. 146.) 

8. Find the species and sitnation of the centre of the 

locus 

3a:' + 4a:y + 5y2 — 2aj — 7y — 4 = 0, 

and the inclination of its axis to the axis o^ x. 

Ana. ElUpse; centre at (— VV^ fj) ; d = 68° 17'. 

9. Find the species and sitnation of 

a« + 2ajy — y8 _j. 8^ + 4y _ 8 — 0, 

and transform to parallel axes through the centre. 

( Hyperbola ; 6 = 22^° ; centre, (— 3, — 1); 
' ( equation, a^ + 2a?y — y* — 22 = 0. 

10. Find the species and situation of 

142« — ^xy + lly2 — 60 = 0, 

and transform it to the axes of the curve. 

(Ellipse; 0=itan-i(-.4); 
( equation, ^a? + %f — 12 = 0. 

« 

11. Find the species and situation of 

^0^ + Sxy — 3y« + 6a; — lOy + 5 = 0, 

and transform to the axes of the curve. 

{Hyperbola ; S = ^ tan~i f ; 
centre, (4.4, — 1.08) ; 6a^ -- 6y^ + 11.7 = 0; 
therefore, equilateral conjugate hyperbola. 
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12. Find the species and situation of 

%a? _)- xy — 15y8 — a: + 1% — 6 = 0, 

and transform to the axes of the curve. 

Arts. Hyperbola; = | tan~i ^ ; centre, (^, ^) ; equa- 
tion is 2.01.^2 — 15.01y2 = ; therefore (Art. 143), the locus 
is two intersecting right lines, which form a limiting case 
of the hyperbola. 

13. Find the species and situation of 

Za>^^Sxy^^f + X+ lHy — 10 = 0, 
and transform to its centre. 

Ans. Hyperbola; ^ = itan-^(--^); centre, (1.3, 1.1); 
equation a;^ — ^ = ; therefore the locus is an equilateral 
hyperbola in its limiting case ; viz., two intersecting lines. 

14. Find the species and situation of 

a^ — A^xy + 4y2 — %ax + 4ay = ©• 

[The equation may be written 

(x - ^) (x - 22( - 2a) = 0, 

and .'. represents two parallel lines, which is one of the 
limiting cases of the parabola ; the line parallel to them 
and midway between them is called a Line of Centres.] 
See Todhuntei^'s Conic Sections, p. 240. 

15. Find the species and centre of the locus 

Ans, Ellipse; centre at (-, ^j« 

16. Find the species and situation of (y — xy = ax^ and 
transform to the axis and vertex of the curve. (See Ex. 3.) 

Ans. Parabola; B = 46°; equation is ^ = -^/^x. 
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17. In Pig. 101, find the lengths of OB and 00', and the 
co-ordinates of 0' referred to the original axes; also prove 
that B is the extremity of the latas rectum of the parabola. 

Am. OB = 2 V2 ; 00' = iV26 ; ON = 2^, NO' = f 

18. Find the species of 1 + 2ir + 3^ = 0, and transform 
to its axis and vertex. Ana. Parabola ; ^ = — f a;. 

19. Find the species of 3a?^ + 2«^8 — 22? + jr — 1 = 0, and 
transform to its axes* Ans. Ellipse ; 72a?* + 48y* = 35. 

20. Find the species of 

o^-^lOxy + y^+x + y + 1 = 0, 

and transform to its axes. 

Ans. Hyperbola; 32a? — 48y2 = 9. 

21. Find the species of 

a« _ 2.ry + y« — 6a; — 6y + 9 = 0, 

and transform to its axis and vertex. 

Arts. Parabola; 'i^=^^^/%x. 

22. Show, by transformation, that 

5^ — 4a:j/ + 1/2 — 4a; + 2y + 2 = 
represents an imaginary ellipse. 

[The transformed equation is 

(3 + 2V2)a« + (3 — 2A/2)ir2 +1 = 0; 
.*. (Art. 143, Cor. 2), the locus is imaginaiy.] 

23. Find the species and situation of the centre of 

3a;2 +. 4a;2/ + y2 — 5a; — 6y T- 3 = 0. 

Ans, Hyperbola ; centre at (3^, — 4). 

24. Find the species and situation of 

a?^ + 2a;y — y8 + 8a; + 4y = 0. 

Arts. Hyperbola ; B = 22^°; centre, (— 3, — 1). 
10 
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25. Transform 2a^ + ^xy + a^^ + 33. ^ y + | — o, to 
paitillel axes through the centre of the curve. 

Ana. 2o^ + ^y + ^f " i = 'j centre, (— IJ, 1). 

26. Transform 2a?« + 4arj7 -f Sj^^ _ 3 -. q to its axes. 

Arts. ^01? + -f^y^ = 1, the axis of x coinciding with the 
minor axis of the ellipse. In this case we turned the old 
axes through — ^ tan~^ 4 ; had we turned them through 
H-^ \ tan~^ 4, and taken the minus value of the radical for a! 
in Art. 143, and positive value for c\ we would have found, 
for the transformed equation, -f^o? + \^y^ = 1, the axis of 
X coinciding with the major axis of the curve. (See Be- 
mark, Ex. 3.) 



CHAPTER IX. 

HIGHER PLANE CURVES. 

147. Higher Plane Curves are those whose equations 
are above the second degree, or which involve transcendental 
functions (Art. 17). It has been shown that every equation 
of the first degree between two variables represents a right 
line, and that every equation of the second degree between 
two variables represents a conic section ; it follows that all 
other loci in a plane are higher plane curves. 

An Algebraic Curve is one whose equation contains 
only algebraic functions. A Transcendental Curve is 
one whose equation contains transcendental functions. 
Many of the higher plane curves possess historical interest, 
from the labor bestowed on them by ancient mathematicians. 
We shall consider only a few of them. 

THE CISSOID OF DIOCLES. 

148. This curve was invented by Diocles, a Greek 
geometer who lived about the sixth century of the Christian 
era; the purpose of its invention was the solution of the 
problem of finding two mean proportionals. It may be 
defined as follows : If pairs of equal ordinates be drawn to 
the diameter of a circle, and through one extremity of this 
diameter and the point of intersection of one of the ordinates 
with the circumference a line be drawn, the locus of the 
intersection of this line and the equal ordinate, produced 
if necessary, is the Cissoid of Diocles. 

The curve is constructed as follows: Let AB (Fig. 103) 
be the diameter of a circle ; draw two equal ordinates MR 
and M'R' ; join AR', cutting MR in P; then is Pa point 
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of the locus. In the same way, any number of points may 
be found. In like manner, draw through A and E a line 
cutting M'E' produced in P' ; F will be a 
point of the locus. In the same way, points ? 

can be found below AB. ^' 

149. To find the equation of the Cis- 
soid of Diodes, 

I. The rectangular equation. 

Let AX and AY be the axes; AB = 2a; 
and let {x, y) be any point P of the locus. 
Then we have 

AM : PM : : AM' : EM', 




— X 



Fig. 103. 



(1) 



^^ y_ y/{%a ^x)x _ Vx ^ 
X 2a ^x V2a-x' 

Squaring and reducing, we have 

^ 2a — X* 
which is the required equation. 

ScH. — Solving (1) for y, we have 

which shows that, for every value of ic < 2(7, y has two real 
values, ]iumerically equal, with contrary signs; that is, the 
curve is symmetrical with respect to the axis of x. When 
X = 2a, y = 00 ; hence the branches are infinite in length, 
and BD is an asymptote to them. When x > 2a, or nega- 
tive, y is imaginary; therefore the locus is limited by 
x=iO and x =z2a. 

Sir Isaac Newton has given the following elegant con- 
struction of this curve by continuous motion : A right angle 
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has the side GF of fixed length, 
the point F moves along the 
fixed line CI, while the side GH 
passes through the fixed point E ; 
a pencil at the middle point of 
GF will describe the Cissoid. The 
proof we leave to the student. 

[See Salmon's Higher Plane p| ^q^ ^ 

Curves, p. 180.] 

II. The polar equation. 

Let A be the pole, and AB the initial line ; let (r, B) be 
any point P in the locus (see Fig. 103). Then, since 
AM = BM', we have AP = DR' ; therefore we have 

r = AD — AR' = AB sec 6? — AB cos 
= 2a (sec B — cos B) 

^ A— cos2(9\ ^ sin2 
\ cos / cos B 

that is, r = 2a tan B sin B, which is the required equation* 

ScH.— When « = 0, r = 0; when ^ = 45°, r = aV2; 
that is, H is a point in the curve. When B = 90°, r = co; 
when B > 90° and < 270°, r is negative ; while B increases 
from 90° to 270°, the negative end of the radius-vector 
traces the branch AS' and the branch AS a second time ; 
while B increases from 270° to 360°, r is positive, and AS' is 
traced a second time ; thus, the curve is traced twice by one 
revolution of the radius-vector. 

THE CONCHOID OF NICOMEDES.* 

150. This curve was invented by Nicomedes, who lived 
about the second century of our era, and was, like the pre- 
ceding, first formed for the purpose of solving the problem 

♦ See Gregory's Examples, p. 130. 
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of fiDding two mean proportionalsy or the dnplication of the 
cube ; but it is more readily applicable to another problem 
not less celebrated among the ancients, that of the; triseetion 
of an angle. The curve may be defined as the locus of a 
point in a line which slides on and revolves about a fixed 
point, while the distance between the generating point and 
a fixed light line on either side of it is constant 




Fig.104 



The curve is constructed as follows: Let be the fixed 
point, XX' the fixed right line, and AB the constant dis- 
tance on the revolving line between the generating point 
and the fixed line. Draw through any line, as OP ; on 
OP, above XX', lay off RP equal to AB ; then will P be a 
point of the locus. In like manner, if we take AB', below 
XX', as a constant distance, and lay off RP' equal to AB', 
P' will be a point of the locus* 

151. To find the equation of the Conchoid of Jfico- 
nvedes. 

I. 7%e rectangular equation. 

Let XX' and YY' be the axes; OA = jt?; AB = m ; and 
(x, y) any point P in the locus. Then we have, from the 
similar triangles PDR and PMO, 

PD : DR :: PM : MO, 
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or, y : Vw* — y» :: y +p : x\ 

squaring and reducing, we have 

which is the equation required. 
ScH. — Solving (1) for Xy we get 

- " 
which shows that for every value of y, positive or negative, 
and numerically < w, x has two real values, numerically 
equal, with contrary signs ; hence the curve has two 
bmnches, one above and one below the axis of x^ both being 
symmetrical with respect to the axis of y. When y dimin- 
ishes numerically, x increases and becomes oo when y = 0; 
hence the two branches are infinite in length, and the axis 
of X is an asymptote to them. 

When my' p, for y = — m or — py a; = ; but for y 
between — m and —p,x has two values, numerically 
equal, with contrary signs ; hence the locus between these 
twa limits is an oval symmetrical with respect to the axis 
of y. For y negative and less numerically than p, the values 
of X increase till they become ± ^o at y = 0. 

When m < /?, it is easily seen that there is no oval. The 
continuous Ime represents the case when m>py and the 
broken line when m < p. 

II. The polar equation. 

Let be the pole, OA the initial line, and (r, 0) any 
point P in the curve. Then we have 

r = OP = OE + BP = OA sec ^ + w; 

that is, r =z p sec 6 + niy which is the i*equired equation. 

ScH. — When d = 0, r=zp+m, and B is located ; when 
6 = 90°, r = 00 ; when 6 = 180°, r=—p + m, and B' is 
located ; when > 90' and < 270°, sec is negative, and 
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the lower branch is traced by the negatire end of the radius- 
yector; while 6 increases from 270° to 360°, r is positiTC 
and the branch H'B is traced. 

[For the application of this cnrve and also that of the 
Cissoid to the solution of the problem of finding two mean 
proportionals, see Gregory's Examples, p. 130.] 



THE WITCH OF AGNESI.* 

152. This cnrve was inyented by Donna Maria Agnesi, an 
Italian lady, who lived in the eighteenth centnry. It may 
be defined as the locns of the extremity of an ordinate of a 
circle, produced till the produced ordinate is to the diameter 
of the circle as the ordinate itself is to one of the segments 
into which it di- 
vides the diameter. 

To construct the 
Witch, let OB be 
the diameter of the 
circle ; draw the 
ordinate ED ; find 
the point P in ED 
produced so that 

PE 

and P will be a point of the locus. In the same way, any 
number of points may be found. 

153. To find the equation of the Witch of Agnesi. 

Let XX' and YY' be the axes of co-ordinates, and {x, y) 
any point P in the locus. Call the diameter 2a; then we 
have, from the definition, 

X : 2a :: V{2a — y)y : y; 

therefore, x^y:=^a^(2a—y), which is the required equation. 




♦ Sec Gregory's Examples, p. 181. 
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SOH. — When y = 0, a; = oo ; when y =z2ay x = Oi for 
every positive vahie of y between and 2flt, x has two real 
values, numerically equal, with contmry signs, showing that 
the locu3 is symmetrical with respect to the axis of y, and is 
embraced between ^ = and 2a, and has the axis of x for 
an asymptote. 

THE LEMNISCATE OF BERNOUILLA.* 



r. This curve was invented by James Bemouilla, who 
lived in the seventeenth century. It may be defined as the 
locus of the intersection of a tangent to an equilateral 
hyperbola with the perpendicular on it from the centre. 

To fifid the eqitation of the Leniniscate. 

I. The rectangidar equation. 

Let {x'f y') be any 
point Q of the hyper- 
bola at which the tan- 
gent is drawn; and let 
X and y be the current 
co-ordinates of the 
lines QP and OP. 
The equations of the 
hyperbola and the tan- 
gent are respectively 

x'^-^y'^ = a^ 

and xx' — yy' = a^, 

therefore the equation of OP is 




y 



X If 

or - = — S- 

x' y 



(1) 
(2) 

(3) 



Multiplying (2) and (3) together, we get 

"^^y - x' - y' ' 

♦ See Price's Calcaliie, Vol. L p. 814. 
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therefore, 



which in (1) gives, 

= a 



ah^ g y ___ ^3 



or, {x^^-ff^a^{^-f), (4) 

which is the requii'ed equation. 

On transforming to polar co-ordinates, (4) becomes 

r* = a2r3 (cos^ d — sin^ <9), 
or, r» = a2 cos 2<?. (5) 

ScH. — When = 0, r=±«; if we confine our atten- 
tion to the positive values of r, we see that as increases 
from to 45°, r diminishes from a to 0, and AP'O is 
traced ; while ^ increases from 45° to 135°, r is imaginary ; 
when = 135°, r = ; while ^ increases from 135° to 
225°, r is real, and OA'O is traced ; while ^ increases from 
225° to 315°, r is imaginary ; while increases from 315° 
to 360°, r is real, and OPA is traced. The curve therefore 
consists of two ovals meeting at ; the tangents to the 
ovals at coincide with the asymptotes of the equilateral 
hyperbola, and form angles of 45° with the axis of x 
(Art. 133, Sch.). 

ScH. 2. — Take two points, F and F', on opposite sides of 
0, at the distance a\/\ from it, and take any point P' in 
the curve ; then we have 



FP' = \/{a^/\ - xf -f ya, (6) 

and F'F = \^ (ay/\ + xf + f. (7) 
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Multiply (6) and (7), and we have 

= ^ > t)y (4) ; that is, 

FF X FF = |^ 

Hence we may define the Lemniscate as a cnrre such 
that the product of the distances of any point in it from 
two fixed points, called the foci, is constant, and equal to 
the square of half the distance between the foci. (See 
Gregory's Examples, p. 132.) 

[Let the student find the equation of the curve from this 
definition.] 

We may construct the curve, from this latter definition, 
by points. Let F and F' be the foci. With F as a centre, 
and any convenient radius, as FP', describe an arc ; with 
F' as a centre, and a third proportional to FP' and F'A, as 
FT', describe a second arc cutting the former at P' ; then 
will P' be a point in the locus. In the same way any num- 
ber of points may be found. 

THE CYCLOID. 

155. The invention of this curve is usually ascribed to 
Galileo ; it is generated by the motion of a point in the 
circumference of a circle which rolls along a fixed right 
line. Thus, if the circle NPB (Fig. 107) be rolled along 
the line OX, any point P in the circumference will describe 
a cycloid. The circle NPB is called the Generating 
Circle or Gteneratriz, and the point P the Generating 
Point. AX is called the Base, and is equal to the cir- 
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cumference of the generating circle. HL, perpendicular 
to the base at its centre^ is the A3ds^ and is equal to the 
diameter of the generating circle, and L is the Highest 
Point of the cycloid. 

156. To find the equatton of the cycloid referred to 
its base and a perpendicular at its left hand vertex. 

Let {x, y) be any point P in the cycloid OPLK, referred 
to the axes OX-and OY ; suppose that P has described the 
arc OP, while the generatrix has rolled from to N, then 
01^ = arc PN". Call the radius of the generatrix r. Then 
we have 

ar r= OM = ON - MN = arc PN - PD 



= r arc a^ — \/ND x DB ; 
that is, a: = r vers~^ - — "V'^ry — y^ ; 



(1) 



which is the required equation of the cycloid, the arc ab 
being taken in the circle whose radius = 1. 



ScH. — When y is negative, v2ry — y^ is imaginary ; 
therefore the curve lies only on the positive side of the 
base ; when y = 0, a; = 0, 2rTr, 4r7r, etc. ; hence there is 
an infinite number of branches similar and equal to OLK, 
which is also evident from the mode of generation of the 
curve ; when y = 2r, a; = vers"^ 2r = Trr, 37rr, etc. For 
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any one value of y, x has an infinite number of values, 
OM, OM', etc. 

It is frequently convenient to refer the cycloid to its 
highest point as origin, and to its axis as the axis of x, 

157. To find the equation of the cycloid referred to its 
highest point as its origin and to its axis as the axis 

of X. 




Let (x, y) oe any point P in the locus referred to the 
axes OX and OY; then we have 

3^ = PF = PD + DF = PD + CH 

= PD + AH - AC = PD + arc CPB — arc CP 

= PD + arc PB = \/CD"x"BD + vers-^ BD ; 
that is, 



X 



y =1 r vers~^ - + ^/2ax — t^ (see Art. 156), 

which is the required equation. 

ScH. — When ar = 0, y = ; when a? = 2r, y = vers""* 2r 
= Trr, Srrr, etc. ; when x is negative, y is imaginary ; for 
any one value of x, y has an infinite number of values. 

After the conic sections there is no curve in geometry 
which has more exercised the ingenuity of mathematicians 
than the cycloid ; and their labors have been rewarded by 
the discovery of a multitude of interesting properties, 
important both in geometry and in dynamics. [See 
Gregory's Examples, p. 136.] 
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SPIRALS. 

158. We shall conclude this chapter with a brief accoimt 
of spirals, many of which have been treated at length by 
old geometers. A Spiral is the locus of a point reyolving 
about a fixed point, and constantly receding from it in 
accordance with some law. A right line then meets the 
curve in an infinity of points, and the curve is trans- 
cendentaL 

A Spire is the portion of the spiral generated in one 
revolution of the generating point. 

The Measnring Circle is the circle whose radius is the 
radius-vector at the end of the first revolution of the 
generating point in the positive direction. 



THE SPIRAL OF ARCHIMEDES. 

159. This spiral was invented by Conon, but its prin- 
cipal properties were discovered by the geometer whose 
name it bears; it is the locus of a point revolving uni- 
formly about a fixed point, and at the same time receding 
uniformly from it. 

To construct the spiral of Archimedes. 

Let be the fixed point 
and OX the initial line; 
with as a centre and any 
radius as OH, describe the 
circumference HADG ; 
divide this circumference 
into any number of equal 
parts ; for example, eight. 
On the radius OA lay off pi- ^qq 
Oa = iOH ; on OB lay 
off Ob = fOH ; on OC lay off Oc = | OH, etc. ; the curve 
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passing through these points, a, h, c, dy e, /, ^, H, <, . . . /?, 
q, etc., will be the spiral of Archimedes, since the radius- 
vectors Ofl, 0^, etc., increase uniformly, while the variable 
angle, estimated from OX, increases uniformly. 

The circumference HADG is the measuring circle, is 
the pole, OabcdefgTL is the first spire, ^ijklmnop is the 
second spire, etc. The distance between any two consecu- 
tive spires measured on the radius-vector is equal at all 
points to OH, the radius of the measuring circle. 

160. To find the equation of the spiral of Archi- 
medes, 

Let be the pole (Pig. 109) and OX the initial line, and 
let (r, 0) be any point P in the spiral ; then we have, from 
the definition, r = a^, as the required equation, when a is 
the ratio of r to 0, 

' Otherwise, we have from the figure, 

OFiOR :: 6:2n ; 

or, calling the radius of the measuring circle a', we have 

r : a' :: ^ :2n; 

therefore ^ = s" 5 

t 

or writing a instead of — , 

is the required equation. 

When ^ = 0, r =• ; when ^ = 27r, r = er' ; when 
d = 47r, r = 2a' ; when ^ = Gtt, r = 3a', etc. The curse, 
therefore, starts at the pole, and the radius-vector, which 
is at the beginning, becomes equal to OH (= a'), when 
it has made one revolution ; and this is the distance 
between the points at which any radius-vector is cut by 
two successive spires. 
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THE RECIPROCAL OR HYPERBOLIC 

SPIRAL. 

161. This spiral may be defined as the locus of a point 
revolving uniformly about a fixed point, and continually 
approaching it so that the radius-vector varies inversely as 
the variable angle. 

To construct the Hyperbolic Spiral. 

Let be the pole and 
OX the initial line. Draw 
through the lines Oa, OS, 
0^, etc., making equal 
angles with each other. 

Take a for a point of the V^IC^' pj yo, 

spiral ; lay off Ob = ^Oa ; ^ 

Oc = iOa, etc. ; the curve passing through the points «, d, 
c, dy e, f, g, h, etc., will be the hyperbolic spiral, since the 
radius-vectors, Oa, Oh, etc., vary inversely as the variable 
angle estimated from OA. 

The equation of the hyperbolic spiral follows directly 
from the definition, and is 

r = ^, or rO =1 a, 

u 

When ^ = 0, r = 00 ; that is, the curve approaches the 

initial line and touches it at infinity ; when 6 = 27r, 

r = 07i = a', which is the radius of the measuring circle ; 

a! 
when ^ = 47r, r = 5-, etc. ; when ^ = 00, r = ; there- 
to 

fore, the curve continually approaches the pole as the 

radius-vector revolves, and reaches it after an infinite 

number of revolutions. Prom the equation r = ^, it is 

evident that the arc Aa of the circle described with the 
radius Oa to any point of the curve, is constant and equa] 
to a. [See Salmon's Higher Plane Curves, p. 280.] 
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THE LITUUS. 

162. Another spiral worth mentioning is the Lituns^ 
which may be defined as the locus of a point revolving 
uniformly about a fixed point, and continually approaching 
it so that the radius- vector varies inversely as the square 
root of the variable angle. Its equation therefore is 

a 
r = -r. 

ScH. — These spirals belong to one family, included in 
the general equation r = aO^. When n = 1, we have 
r = a^, which is the spiral of Archimedes. When 

w = — 1, we have ^ = js^ which is the hyperbolic spiral. 
When /J = -- 4, we have r = —, which is the Lituus. 

THE CHORDEL. 

162a. The Chordel is a plane curve, every point of 
which terminates an arc which originates in a fixed line, is 
described with a fixed point as a centre, and subtends a 
given length the same number of times as a chord. 

The fixed line is called the Directrix, the fixed point 
the Focus, and the given length the Element. 

A chordel in which the element is subtended n times as 
a chord, whose directrix is a right line, and whose focus is 
on the directrix, is called 

A chordel of n elements, and rectilinear and focal 
directrix,* 



* This carve was invented by Mr. J. Bruen Miller : for an account of it see 
Van Nostrand's Engineering Magazine for March, 1880, pp. 206-209, which contains 
Mr. Miller^s investigation of the chordel given geometrically, including the 
construction of the carve and its application to the division of an angle into 
n eqoal parts. 
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To find its equation. 

Let the focus be the pole, and the directrix OX be the 
initial line. Let (r, 0) be any point P of the curve, and 




Fig. 110. a ^^ -^ 

2a = an element AB = BC = etc. = EP, draw OH per- 
pendicular to EP. Then we have 

sinHOP = ^p; /. Bin (-)=-; 



or 



r = a cosec 



(2J' 



(1) 



which is the equation required. 

Let w = 5 and a = 1 ; then (1) becomes r = cosec \Tr\' 

Letting 6 = \n, tt, |7r, 2Tr, |7r, Stt, Jtt, 4Tr, |-7r, Stt, suc- 
cessively we get r = 6.39, 3.24, 2.20, 1.70, 1.41, 1.24, 1.12, 
1.05, 1.01, and 1.00. Locating these values we have the 
points h, Cy d, e, /, g, 7i, t, j, k ; when = 0, r = cx> . 
Now letting 6 continue to increase, becoming ^tt, 67r, and 
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SO on to IOtt, we get r = 1.01, 1.05, 1.12, and so on to 
infinity, the values being the same as those given above, 
when 6 is increasing from to 57r, except the order is 
inverted. Locating the second series of values we have the 
curve represented by the dotted line, which is the continu- 
ation of the part given in the full line, the two parts being 
symmetrical with respect to the line OX. While B is 
increasing from lOtr to 20Tr, r is negative and a second 
branch is traced by the negative end of the radius-vector, 
the two branches being symmetrically equal. 

The essential merits of Mr. Miller's curve appear to be 
its mechanical construction, affording a mechanical multi- 
section of any angle ; and its very general definition, which 
will probably make the investigation of its properties 
rather fruitfuL But such investigation would be out of 
place here. 

THE LOGARITHMIC SPIRAL. 

163. This spiral was invented by DescarteS; and is the 
locus of a point so moving that the radius- vector increases 
in a geometric, while the variable angle increases in an 
arithmetic ratio. Its equation is therefore usually written 

r = aP. 

To construct the Logarithmic Spiral. 

Suppose a = 2, then r = 2^ ; when = 0, r = 2® = 1, 
which gives the point a on the initial line OX, Fig. Ill, 
When = 1, r = 2^ = 2 ; lay off the angle XOb = 1 = arc 
of 57°.3, and take Ob = 2; b will be a point of the curve. 
When 6 = 2, r = 2« = 4 ; lay off XOc = 2 = arc of 
114°.6, and take Oc = 4 ; c will be a point of the curve. 
The curve passing through a^ b, c, etc., will be the loga- 
rithmic spu^. 

When = - 1 = XOV, r = 2-i = ^ ; lay off 



^3C 



LOGARITHMIC SPIRAL. 



XO^'=-l=-57°.3, 

and take Od' = i^ ; V 
will be a point of the 
curve. When ^=—2, 
r = 2-2 = ;J ; lay off 
XOd =: - 2 = 
— 114°. 6, and take 
Od := \\ d will be a 
point of the curve ; 
and so on for any 
number of points. 

When 0= 00 , r= 00 , 
hence the radius-vec- 
tor will become infi- 
nite when it has made 
an infinite number of 

revolutions. When = — oo , r = ; and therefore the 
spiral runs into its pole after an infinite number of revolu- 
tions in the negative direction. 

The present chapter is but a brief sketch of Higher 
Plane Curves. The student who wishes to pursue the 
subject further, is referred to Salmon's Higher Plane 
Curves, Gregory's Examples, Price's Infinitesimal Calculus, 
and Cramer's Introduction to the Analysis of Curves. 
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THE POINT. 

164. We have seen (Art. 5) tl;iat the position of a point 
in a plane is determined by referring it to two co-ordinate 
axes^ OX, OY, drawn in the plane. We shall now show 
that the position of a point in space may be determined by 
referring it to three co-ordinate planes. 

Let XOY, YOZ, ZOX be three 
planes of indefinite extent, intersect- 
ing each other in the three right 
lines OX, Y, OZ. Now, if through 
any point P in the surrounding 
space we draw PA parallel to OX, 
PB parallel to OY, and PC parallel 
to OZ, it is plain that the position 
of P with reference to the three 
planes is known, if the lengths of PA, PB, and PC are 
known. For example, if we have given PA = a, PB = b, 
PC = c, we can determine the position of the point P with 
reference to the three planes as follows : We measure OM 
{= a) along OX, and ON (= b) along OY, and draw the 
parallels MO and NO ; then at the intersection C measure 
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CP (= c) on a line parallel to OZ ; P wiU be the point 
whose position we wished to determine. Othei'wise thus : 
having measured OM, ON, OR, equal respectively to a, h, 
c, pass through M the plane PCBM parallel to the plane 
yz\ through N the plane PACN, pai*allel to zx'y and 
through R the plane PABR, parallel to xy ; the intersec- 
tion of the three planes so drawn is the point P. 

165. The three planes XOY, YOZ, ZOX, are called the 
Co-ordinate Planes, and are designated as the planes xy, 
yz, zXy respectively. The three lines OX, Y, OZ, in which 
these planes intersect, are called the Co-ordinate Axes ; 
OX is called the axis of Xy OY the axis of y, and OZ the 
axis of z. The point in which the three axes intersect, 
and which is therefore common to the three co-ordinate 
planes, is called the Origin. The distances PA, PB, PC, 
or their equals, OM, ON, OR, are called the Rectilinear 
Co-ordinates of P, and are respectively represented by 
a:, y, z. The co-ordinate axes may be inclined to each 
other at any angle whatever ; and they are said to be rec- 
tangular or oblique, according as the angles at which they 
intersect are right or oblique angles. In this work we shall 
employ rectangular axes, as they are the most simple, and 
can always be secured by a proper transformation. 

The co-ordinates of a point are the distances of the point 
from the three co-ordinate planes yz^ zxy xy ; hence, if the 
co-ordinates of a point are respectively denoted by «, b, c, 
we have for the point, 

a? = a, y = b, z = c, 

which are the Equations of the Point When these 
equations are given, the point is said to be given, and may 
be constructed as in Art. 164 ; the paint whose position is 
defined by the above equation is commonly spoken of as 
the point {a, b, c). 
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166. The plane xy is supposed to be horizontal, as the 
plane of the floor on which the student is standing ; the 
plane xz is perpendicular to the first, and in front of the 
student ; the plane yz is perpendicular to both the others, 
and on the left of the student. 

These co-ordinate planes divide the surrounding space 
into eight solid angles, which are numbered as follows : 
The First angle lies above the plane xy, in front of the 
plane xz, and to the right of the plane yz ; the Second is 
to the left of the first ; the Third is behind the second ; 
the Fourth is behind the first ; the Fifth, Sixth, Seventh 
and Xiighth are below the first, second, third, and fourth, 
respectively. 

167. In order that the equations a; = a, y = J, z.= c 
should be satisfied by only one point, it is necessary to con- 
sider not only the absolute values of the co-ordinates, but 
also their signs. It is customary to consider lines measured 
upwards as positive, and hence those measured downwards 
must be considered negative ; also those measured towaa-ds 
the right are considered positive, and hence those measured 
towards the left are negative ; also those measured towards 
the front are considered positive, and hence those measured 
towards the rear are negative. Hence, by giving the co- 
ordinates their proper signs, we may represent a point in 
either of the eight angles by one of the following sets of 
equations : 

(x=z + a, I 
First Angle, <y=-j-b,> or by (a, b, c). 

iz = + c,) 

(x = — a, I 
Second " j y = + *, V " {—a, b, c). 

ix=z —a,\ 
Third « j y = - *, V " (-a, — *, c). 

\Z z=z + C,) 
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Fourth Angle, ^ y = — ^, V or by (a, — ft, c). 



Fifth « \y=^hA ** (a, ft, -c). 



Sixth « {yz=z^h,\ " (_fl, ft, — c). 




Seventh '' \y = -b,\ " (— a, — ft, — c). 



Eighth « ^y = -ft, I « (a,-j, »c). 



Cob. — Any point in the plane xy evidently has its j? = ; 
hence, equations of a point in this plane are x^a, y :=b, 
2f = 0, or the point is (a, ft, 0) ; and there are similar equa- 
tions for points in each of the other co-ordinate planes. 

Any point on the axis of x has its y and z each = ; 
hence the equations of a point on this axis are a; = a, y = 0, 
;? = 0, or the point is (a, 0, 0) ; and there are similar equa- 
tions for points on each of the other co-ordinate axes. 

At the origin we evidently have a: = 0, y = 0, z = 0, 
which are the three equations of the -origin of co-ordinates. 

168. The Orthogonal Projection of a point on a line 
or a plane is the foot of a perpendicular from the point to 
the line or plane. In the present work, when we use the 
term projection, we shall always mean an orthogonal projec- 
tion, since the axes are rectangular. The points M, N, R, 
are the projections of the point P on the three co-ordinate 
axes, and the points A, B, C, are the projections of the 
point P on the three co-ordinate planes. 
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The projection of a given right line upon another right 
line, or upon a plane, is the line which joins the projections 
of the extremities of the given line. Thus, OM, ON, OE, 
are the projections of OP upon the co-ordinate axes Xy y, 
and z respectively ; and the lines OA, OB, OC are the pro- 
jections of OP upon the co-ordinate planes yz^ zXy xt/y 
respectively. 

The angle which any right line makes with a plane is the 
angle which the line makes with its projection on that 
plane ; the angle which it makes with a given line is the 
angle which it makes with a line drawn through any point 
of it and parallel to the given line. 

It is clear that the projection of a finite right line upon 
another right line or upon a plane is equal to the first line 
multiplied by the cosine of the angle which it makes with 
the second line or with the plane. Hence, it is also evident 
that the projections of any area of a plane upon another 
plane is equal to the original area multiplied by the cosine 
of the angle between the planes. 

The line that determines the projection of a point upon 
a line or plane is called the Frojectmg Lme of that point 
The projection of any curve upon a plane is the curve 
formed by projecting aU of its points. The projecting lines 
of the different points form a cylindrical surface which is 
called the Projecting Cylinder of the curve. When the 
curve projected is a right line, the projecting cylinder be- 
comes a plane called the Projecting Plane of the line. 

169. To find a formula for the 
distance between two points in space 
whose co-ordinates are known. 

Let {x^y y', z') and {x'\ y\ z") be the 
two points P' and P". LaJ the projec- 
tion of FP" on the plane xy be M'M" ; 
draw P"Q parallel to M"M' ; represent 
the distance P'P" by d. Then we have 
11 




Fig. 112, 
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PF* = P^^ + QF'l 

But P'Q =i'z' — z"; 

and QF^ = WW'^ 

^{x'^xy+iy'^y'y. (Art. 9.) 

Therefore, eP = {x'-xy + {y'-y'T + (z'—zy, 



or d=.V{x'^xy+(i,'^yy+{z^zy. (1) 

The quantities (a;' — x"), {y' — y"), {z' — «") are equal 
to the projections of d on the co-ordinate axes Xy y, and Zy 
respectivelj. Hence, tJie square of the length of any right 
line hi space is equal to the sum of the squares of its projec- 
tions on any three rectangular aoces. 

CoR. — If one of the points, as P", were the origin, we 
would have, from (1), 

d = Vx'^^ + y'^ + 7lS (2) 

which is the distance of any point {x\ y', z') from the origin. 
Hence, the square of the radius-vector of any point is equal 
to the Slim of the squares of the co-ordinates of the point. 

170. The position of a point is sometimes expressed by 
its radius-vector and its Direction Cosines ; that is, the 
cosines of the three angles which the radius-vector makes 
with the three co-ordinate axes (see Art. 22, III, Sch. 1); 
the angles themselves are called the Direction Angles. 
Let these three angles be «, /3, y ; the^, since the co-ordi- 
nates X, y, z of the point are the projections of its radius- 
vector on the three axes (Art. 168), we have 

X = p cos a, y = p cos i3, z = p cos y. (1) 

Squaring and adding these equations, and remembering 
that f:^z=a^ + f + i^ (Art. 169, Cor.), we get 

cos' a + cos^ j3 + cos^ y = 1> (2) 
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which expresses the relation between the direction-cosines 
of the radius- vector. That is, the sum of the squares of the 
direciion-cosines of any line is = 1. 

171. The position of any point P (Pig. Ill), may be 
expressed by its polar co-ordinates ; viz., the radius-vector 
OP (= p) ; the angle POR (=y), which the radius-vector 
makes with the axis of z ; and the angle XOC (= 0), which 
OC, the projection of the radius-vector on the plane xy^ 
makes with the axis of x. These angles are called the 
Vectorial Angles, and is called the Pole. 

Prom the figure we have 

X = p siny cos ^, 
y = p sin y sin ^, 
z := p cos y, 

which are the formulsd for transforming from rectangular 
to polar co-ordinates. 
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THE RIGHT LINE. 

172. To find the equations of a right line in space. 

Since a line in space is known when two of its projections 
are known (see Church's Desc. Geom., Art. 12), we need 
only find the equations of the projections of the line upon 
two of the co-ordinate planes. 

Let AB and A'B' be the projections 
of a right line on the co-ordinate 
planes xz and yz. Draw through the 
origin OC and OC, parallel respec- 
tively to AB and A'B'. Let {x, z) be 
any point in AB, and (y, z) be any 
point in A'B' ; let a = tangent of 
COZ, and b = tangent of C'OZ ; and 
let a and P be the intercepts OA and OA' respectively. 

Then we have 

X =z az + a, (1) 

and y = bz + p, (2) 

for the equations of the projections of a right line on the 
co-ordinate planes xz and yz. 

Now, since the x and z of any point in the given line in 
space are equal and parallel to the x and z of the projection 
of the same point on the plane xz, it follows that (1) ex- 
presses the relation between the x and z of every point of 
the given line. Also, since the y and z of any point in the 
given line in space are equal and parallel to the y and z of 
the projection of the same point on the plane yz, it follows 
that (2) expresses the relation between the y and z of every 
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point of the given line. Hence, making (1) and (2) simul- 
ta?ieous, that is, making the co-ordinates the same in both 
equations, they together will express the relation between 
the co-ordinates x^ y, z of every point of the given line ; 
therefore (1) and (2) are the equations required. 

Cob. 1. — Combining (1) and (2), and eliminating z, we 
obtaip 

y-|3 = ^(a:-«), (3) 

which expresses the relation between the x and y of every 
point of the given line ; hence it is the equation of the pro- 
jection of the line on the plane xy. 

Cob. 2.— If y = 0, we get 

«-.--, x^ r^ ; 
hence the line pierces the plane xz in the point 



(ba-ap ^ 0\ 



Similarly, we find it pierces the plane yz in the point 



(o, ^«, -A 

\ a a/ 



and the plane xy in the point 

(«, 0, 0). 

Cob. 3. — If the line passes through the origin, we have « 
and P equal to ; therefore (1) and (2) become 

X = az, y =z hz, (4) 

which are the equations of a line in space passing through 
the origin. 
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173. To find the equations of a right line in 8pa>ee, 

I. Passing through a given point; 
II. Passing through two given points; and 
III. Passing through a given point, and making 
the angles a, p, y with the co-^irdinate axes. 

I. Let {x\ i/, z) be a giyen pointy and let the equations 

of the right line be 

a; = a« + a, (1) 

y = bz + 0. (2) 

Since the point {x', i/, 2;') is to be on the line^ it must 
satisfy ifcs equations, giving us 

x' = az' H- a, (3) 

y' = bz' + p. (4) 

Eliminating a and fi by subtracting (3) from (1), and (4) 

from (2), we get 

X — x' = a {z -- z')y (5) 

y^y' = h{z^z'\ (6) 

for the equations of a right line passing through a given point 
in sjyace. 

II. Let {x'\ y"y z") be the second given point. Since this 

point is to be on the line, it must satisfy its equations, 

giving us 

x" = az" + «, (7) 

y" = bz" + p. (8) 

Eliminating a and j3 by subtracting (7) from (3) and (8) 
from (4), we get 

a^^x" = a{z'^z'% or a=^^; (9) 



y'^y" = b{z^z'% or b = ^^r (10) 
Substituting these values of a and b in (5) and (6), we get 
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jf 






Z — Z 



ji 



y-y' = Tz^ (^ - «')' 



(11) 

(12) 



which are the equations of a right line passing through two 
given points in space ; or, as they may he more symmetri- 
cally written, 



X — X __ y — y 



z — z 



X ^ X 



z' — t 



n 



in. Let (a:, y, z) he any variable point on the line. By 
Art. 169, X — x\ y — y', ;? — z' are the projections of the 
distance hetween the points {x\ y\ z) and {x, y, z) on the 
axes ; and since this distance is equal to its projection on 
either of the axes divided hy the corresponding direction- 
cosine, we have 



X -— X __y — y _^^ — z 



cos a 



cos ^ 



cos y 



(13) 



which are the equations required, and are known as the 
symmetrical equations of a right line in space. (See 
Art 22, II). 

174. To find the angle between two right lines in 
space in terms of the angles which they make with 
the co-ordinate axes. 

The angle between any two 
right lines in space is equal to 
the angle hetween two lines drawn 
through any given jwint, and 
parallel respectively to the given 
lines. Therefore, let OP' and OF' 
be drawn through the origin and 
parallel to the given lines; the 

angle between OP' and OP " will be equal to the required 
angle. 




Fig. 114. 
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Let {x\ y\ z') and (x", y'\ z") be the points P' and F' 
respectively, and OP' = r', OP" = r", P'P'' = d ; also, let 
the angles which OP' and OP' make with the co-ordinate 
axes be cr, P, y, and «', P', Y, respectively ; and denote 
the angle P'OP" by v. 

Then, by Trigonometry, we have 

cos V = ^p-, (1) 

But (Art. 169) we have 

^ = (a:' - xy + (y' - y'y + {z' - z'y. (2) 

Substituting (2) in (1), and remembering that 

x'^ + y'2 + z'^ = r'% x"^ + y"^ -f z"^ = r"\ 

x'x" 4- vW + z'z" 
we get cos V = y^, ^ (3) 

But (Art. 170) we have 

a/ = r' cos «, y = r' cos i3, 2/ = r' cos y ; (4) 

a;'' = r" cos a', y" = r^' cos i3', ^'^ = r" cos y', (5) 

which in (3) give 

cos V = cos a cos a' + cosi3cosi3' + cosy cosy'. (6) 

That is, the cosine of the migU between two right lines in 
space is equal to the sum of the products of tlie cosines of the 
angles formed by these lines with the co-ordinate axes. 

175. To find the angle between two right lines in 
space in term^s of the tangents of the angles which 
the projections of the lines on the planes xz and yz 
make with the axis of ;:?. 



The equations of OP' and OP" (Art. 172, Cor. 3) are, 
(OP'), x^az, y = bz, (1) 

aud (OP"), • x = a'z, y = b'z. (2) 
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Since (a/, y, /) is on OF, it must satisfy (1), giving us 

a/ = a^. y = hz!. (3) 

Since {pcf'y y", «") is on OF', it must satisfy (2), giving 

a;" = aV, f = y«". (4) 

Substituting these values of a/ and y' given in (3) in 

a/^ + y'^+z!^ = 7^2, 
we get flfe'^^ J22/2 + 2;'2 — /8^ 

or «/ = 



Vaa + j2 + 1 

which in (3) gives us 

ar' 



a/ = 



3^ = 






Va^ + ja + 1 
Now these values of a^, y, 9i in (4) of Art 174 give us 

cos a = (5) 

V^l^ + 1 - 

cos j3 == -— — ^—=^, (6) 

cos y = ; — =^* (7) 

Vfl2 -|1 ^ + 1 

In like manner, we find 



cos a' = 



coi^i3' = 



Va'2 4.^/2+ 1* 

_y 

Va^2-qr'j'-rqfri ^ 

1 



COSV = --7= 
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SnbfititntiDg tiiese tallies of the oosiAes in (6) of Art 174^ 
we get 

COB V = = - ==• (8) 

ya« + i» + lVa'« + *'* + ! 

Cob. 1.— If the lines ace parallel to eaeh other, v = 0, 
and cos t^ = 1 ; hence, clearing (8) of fractions and squaring, 
it becomes 

(a? + J» + 1) (a'» + y « + 1) = (oa' +W + Vfi 

transposing and nuiting, we obtain 

(a - a!f -f (& - Vy + (ay — a!hY = 0, 

Each term being a square, an^ therefore positiye, this 
equation can be satisfied only when the terms are separately 
equal to 0, giving us 

a = a', J = y, dtf = cih. 

But the third term follows directly from the other two; 

hence, 

fl = a' and * = y (9) 

are the equations of condition that two lines in space shall 
be parallel to each other ; that is, if two right lines in space 
are parallel, their projections on the co-ordinate planes are 
parallel [Art. 172, Eqs. (1), (2), (3) ; also Art 27, Cor. 1.] 

Cob. 2. — ^If the lines are perpendicular to each others 
cos V = 0, and hence (8) becomes 

aa! + bV. + 1=0, (10) 

which is the equation of condition that makes two ri^t 
lines in space perpendicular to each other. 

176. To find the condition that two right lines 
in spfiee may intersect^ and the position of the point 
of intersection. 

Let ^x = az + ,^ (1) 

( y = J2 + ft (2) 
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( a: = a'z + a', (3) 

*'''^ \y = b'z + ff, (4) 

be the eqnations of two right lines in space which intersect 
If these lines do intersect, the co-ordinates of the point of 
intersection mast satisfy all the equations. But as there 
SiXefour equations, containing only three unknown quanti- 
ties, the equations cannot all be satisfied by the same set of 
values of a^ y, «, if they are independent of each other. 
That is, there must be such a relation between the known 
quantities as to make one equation depend upon the other 
three; and the equation expressing this relation will be the 
required condition of intersection. 

We form this condition, of course, by eliminating a;,'y, H 
firotn the four equations. Solving (1) and (3), and also (2) 
and (4) for Zy we get 

« = f> (5) 



Equating the two values of z in (5) aiXid (6), we get 



a — a' b — b 



f y 



(7) 



which is the required condition that ttoo lines in apace 
shall intersect. 
Substituting (6) in (1), and (6) in (2), we get 



X = 



««' — a'a 



• 



a-a' ' 



These values of x and y, with the value of z from either 
(5) or (6), will give the point of intersection when (7) is 
satisfied. 
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EXAMPLES. 

1. Find the distance between the points (3, 2^ 1) and 
(4> ^y 3). Am. d = \/l4. 

it. Find the distance between the points (— 5, 5, —3) and 
(1, 0, 5). Am. d = 11. 18, 

3. Find the equations of a right line passing through 
the point (2, 3, 4). 

Ans. X — 2 = a (z — 4) ; y — Z :=i b{z — 4). 

4. Find the equations of the right line passing through 
the two points (3, 4, 2) and (4, 1, 5). 

Am. 3» = 2; + 7 ; 3y = — 3^; + 18. 

6. Find the points in which the line last found pierces 
the co-ordinate planes. 

Am. (2i, 6, 0), (4i, 0, 6), and (0, 13, — 7). 

6. Find the equation of the projection of the line in 
Ex. 4, on the plane xy. Ans. 3a; = — y + 13. 

7. The equations of the projections of a right line on «r, 
yz^ are 

a; = z-fl, y =z iz-^2; 

required its equation on the plane xy. 

Ans. 2y = a: — 6. 

8. Find the equations of the three projections of a right 
line which passes through the two points (2, 1^ 0) and 
(- 3, 0, ^1). 

Ans. X =z 6z -^ 2; y z=z z -^ 1; 5y = a? + 3. 

9. Find the angle between the right lines 

a; = 32; + 5, y = 5)? + 3 ; 

and X = z + 1, y =z 2z. 

Am. 14** 58'. 

10. Find the equations of a right line through the origin 
and perpendicular to both the lines in Ex. 9. 

Ans. X z= Sz; y =: r^2z. 
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11. Find the cosine of the angle between the lines 
a: = 2« + 1, y = 221 + 2 ; 
and 0? = « + 5, y = 4^2 + 1. 

Ans. Cos V = 



9V2' 

12. Find the point of intersection of the two lines 

a?=— 221 + 3, y = 2; — 2; 
and a? = 3« — 1, 5y = — 10« + 2 ; 

and the cosine of the angle between them. 

Ans. (i, - I, i), cos v = ± V^. 

13. Find whether the two lines 

a? = 2« + 1, y =: 3« + 4 ; 

and a;=— 22f + 3, y = 2; — 2; 

are parallel or perpendicular to each other. 

Ans. Perpendicular. 

14. Fixid the equations of the line which passes through 
the point (~ 3, 2, — 1) and is parallel to the line 

a;=— 3« — 1, y = 4« + 3; 

(see Art. 175, Cor. 1), also of the line through the same point 
and perpendicular to the same line. (See Art 175, Cor. %, 
and Art. 176.) ., 

Ana. To first, a?=— 3;j; — 6, y = 4;j + 6; 

'' To second, 27a; = 49« — 32, 9y = 10;? + 28. 

15. Find the direction-cosines of 

a? = 4j? + 3, y = 32! — 2. 

4 3 1 

Ans. Cos a = —p=i ; Cos /3 = — — = ; Cos y = —7=. 

\/26 V26 V26 

16. Find the equation of a right line through the point 
(4, 5, 7), its direction-cosines being |, ^, |. 

a; — 4 V — 5 « — 7 ( x=zz — 3) 
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17. A right line makes an angle of OO"" with one axis 
and 45° with another. What angle does it make with the 
third axis ? (Art. 170.) Ans. 60^ 

18. Find the angles which the line a; = — 22? + 1, 
if =z z + S, makes with the co-ordinate axes. 

Ans. a = 144° 44' ; )3 ;= 65° 54' ; y = 65° 54', 

(Art. 175.) 

19. The equations of two lines are 

X =i2z + ly y = 2z + 2; 
and X =: z + b, y = 4« + j3'; 

find the value of P' so that the lines shall intersect each 
other, and also the point of intersection. (Art 176.) 
Ans. P' = — Q; the point of intersection is (9, 10, 4). 

20. Find the angle between the lines 

X =z z V2, y = zVi; 
and ^ = y V3, z =z 0. 

[Here ^ = oo and a' = oo V3, See Art. 172.] 

Ans. 30°. 



CHAPTER III. 

THE PLAKR 

177. The Equation of a Plane is the equation which 
expresses the relation between the co-ordinates of every 
point of the plane. 

To find the equation of a pldne. 

A plane may he generated by revolving a right line about 
its intersection with another right line, to which it is 
perpendicular. The revolving line is called the Gtenara- 
tor, and the line to which it is perpendicular is called the 
Director.* 

Let X = (zz + ay y = bz + p, (1) 

be the equation of a given line which we take for the 
director. If the director passes through the point {x', y'^ ^) 
its equations will be 

a; — a/ = a (z — /) ; (2) 

y — y = * (^ — «'). 

The equations of a line through the same point (a/, yf^ si) 
and perpendicular to the director are 

x-^d —a'{z-^j/); (3) 

The equation of condition that makes (3) perpendicular 
to (2) is (Art 175, Cor. 2) 

ad + hV + 1=1 0. (4) 

* In using these words I follow Gregory and Salmon, instead of giving tbem a 
feminine termination, and calling them '* gentrcttrix^'* and *' cArechiixy Also, the 
word *' directrix " has already been need in a difibrent sense (see Art. 61) from the 
ineaent, and it is well to distinguish between the two. 
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Substituting in (4) the values of ci and V found in (3), 
we haye 



«^z:^ + jyziy + i 



z — ii 



Z—!i 



.0; 



or 



ax-\-hy + z — {s/ + aaf + h/) = 0. 



(5) 



Now for only one set of values of ti and V in (3) that will 
Satisfy (4), Xy y, ^, in (5) are the co-ordinates of every point 
of the generator in one position of it ; likewise for a second 
set of values of a' and V in (3) that would satisfy (4), Xy y, 
z, in (5) are the co-ordinates of every point of the generator 
in this second position. Therefore for every set of values 
of d and V in (3) that will satisfy (4), x, y, z, in (5) are th$ 
co-ordinates of every point of the geilerator in every posi- 
tion of it ; that is, they are the co-ordinates of the plane. 
Hence, (5) is the equation of the plane. 

Representing the constant term {z' + ax^ -{- by') by c, 
it becomes 

ax + by +,z^c = Oy (6) 

iahieh is the eqtuttion required. 

. J78. The intersections of a plane with the co-ordinate 
planes are called the Traces of 
the Plane. 

• • For ev^ry poiiltt in the plane xz, 
y = ; if then we substitute y r^ 
in (6) of Art. 177 and solv^ for x, 
we have 



1' c 

x=i ^ -z + -; 
a a 



(1) 




Fig. 119. 



which is the equation of the trdce ^ 
AC on the plane xz. 



9=-6' + -y 



Similarly 
is the equation of the trace BC on the plane yz. 



(2) 
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Also y = — T a^ + c ; (3) 

is the equation of the trace AB on the plane xy. 

Comparing the coeflBcients of z in the equations of the 
traces (1) and (2), ^ith the coeflBcients of z in (1) of 
Art 177, we see that the traces on the planes xz and yz are 
perpendicular to the projections of the director on the 
same planes ; and the same may be shown for the third 
trace AB and the projection on the plane a;y. Hence, if a 
line in space is perpendicular to a plane, its projections are 
perpendicular to the traces of the plane. 

Cob. — If c = 0, (6) of Art. 177 becomes ax+by+z = 0, 
which is satisfied by x = 0, y = 0, z =z 0, or the plane 
passes through the origin. 

179. Every equation of the first degree between three 
variables is the equation of a plnne. 

The general equation of the first degree between three 
variables is of the form 

^a; + ^y + Cfe + 2> = 0. (1) 

Dividing by C, we have 

^x + ^y + z + ^ = Q, (3) 

an equation of the same nature and form as (6) of Art 177, 
and therefore is the equation of a plane. Hence, every 
equation of the first degree between three variables is the 
equation of a plane. 

ScH. — Comparing (2) of this Article with (6) of Art. 177, 

A B 

we see that -^ and -^ are tjie tangents of the angles which 

the projections of the director on the planes xz and yz make 
with the axis of z. (Art. 172.) 
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180. To find the equation of a plane in terms of, its 
intercepts on the co-ordinate axes. 

Let the intercepts of the plane 

Ax -^ By + Cz + D = 0, (1) 

on the axes of x, y, and z, be a, by and Cy respectiyely. 

Making y and z both s 0^ and therefore a; = a, (1) 
becomes 

Aa + D = 0; .\ ^ = — — 

a 

Similarly making z and x =i 0, and x and y = 0^ we get 

b c 

Substituting these values of A, ^/and C, in (1), dividing 
by — 2> and transposing^ it becomes 

1 + 1 + ^15 («) 

a c 

which is the equation required. 

This form is known as the symmetrical form of the 
equation of a plane. (See Art. 22, 11.) 

Rbm.— Of course a, h, c, in (2), do not mean the same as a, by e, in 
(6) of Art. 177. 

181. To find the equation of a plane in terms of 
the perpendicular on it, from the origin and the 
direction-cosines of this perpendicular. 

Let^ be the perpendicular from the origin to the plane, 
and a,. i3, y, its direction-angles (Art. 170) ; then since 
each intercept is equal to this perpendicular divided by the 
corresponding direction-costne, we have 

a = -^— ; b = — ^ ; c = -^ ; 
cos a ' cos i3 ' cos y 
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which in {%) of Art 180, give U8 

« cos « + y cos /3 + « cos y = /> ; (1) 

which is the equation required. 

This form is known as the normal form of the equation 
of a plane. (See Art 32, IIL) 

^H. — ^The general equation of the plane 

Ax + Btf+ Cz + D =^ 0, (2) 

may be reduced to the form 

a; cos <» + y cos /3 + j^ cos y = p, (3) 

thus : Comparing (6) of Art 177 with (2) of Art. 179, 
we have 

a s= -ry, ana o r= -p* 

Substituting these values of a and b in (5), (6), and (7) 
of Art 175, we have 

A 
ooBa = --====; 

B 

VA^ + B'+O*' 

0^ ^ 

VA* + B*+C* 

Sabstitnting ikesb values in (8), we get 

which is the required form. (See Art 28, Oor.) 

Comparing (4) with (3), we have for the perpendicular 
from the origin on the plane whose equation is (4), 

Va^ + ip-^ c^ 



COB j3 = 



COS y = 
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By giving to the square root the sign which will make 
this perpendicular . positive, the resulting signs of the 
cosines will indicate whether the direction angles of the 
perpendicular are acute or obliise. 

182. Tq find the length of the perpendicular from 
fi given point (x^, y', z') to a given plane, x cos a 

+ y cos P +zcd8y = p. 

Pass a plane through the giyen^ point parallel to the 
given plane ; its equation is (Art. 181) 

a: cos a + y C08 8 + zcosy = p\ (1) 

Since (a/,y, z!) is on this plane, it must satisfy its ^uatioii> 
giving us 

of cos a + j/ COB P + s/ cos y = p'. (2) 

The length of the required perpendicular will be equal to 
the perpendicular distance between these pai-allel plane^ 
The first member of (2) is the length of the perpendicular 
from the origin to the parallel plane through (.V, j/, zf), 
and j9 is the length of the perpendicular from the origin to 
the given plane ; therefore,, 

a/ cos a + y' cos P + si cos y — j9, 

is the perpendicular distance between the parallel planes, 
which is the length of the required perpendicular. Hence, 
the length of a perpendicular from a given point to a plane, 
is obtained by substituting the co-ordinates of that point in 
the normal equation of the plane. 

ScH. — If the point (a/, y', z!) and the origin- are on 
-opposite sides of the given plane, this expression is plus; if 
they are oji the same side, the expression is mimis ; there- 
fore, the length of the perpendicular is 

± (a/ cos « + y' cos i3 + «/ cos y — p). 
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« 

according as the point and the origin lie on opposite sides, 
or the same side, of the plane. 

Cob. — If the equation of the plane were given in the 
general form Ax -\- By + Cz + D = (^^ we have only to 
reduce it to the form x dos « + y cos jS-f^fcosy — j9 = 
(Art 181, Sch.), and the length of the perpendicular on it 
from any point (a/, y, z')i& 

At! ->r Bf/ ^ Cfi ^~ D 

VA^~+~B^^rc~^ 

It is easily seen that (af, y, si) lies on the same side of 
the plane as the origin, or on the opposite side according as 
Ax! + Bf/ + Cfi -\- D has the same sign as 2>, or the 
opposite sign. (Art. 24, Sch.) 

183. To find the angle includsd between two planes. 

Let Ax + By+Cz + D = 0, (1) 

and A'x + B'y + C'z^- U — Oy (2) 

be the equations of the two planes. The angle between 
"two planes is the same as the angle between two lines drawn 
perpendicular to them. If the equations of these two 
perpendiculars are 

._. - - . x:=zaz + ay y=:bz + P; 

and X = a'z + a', y =zVz ■\- ff \ 

the^ aiigl^ ~ between them is given by equation (8) of 
Art. .175. 

Comparing (6) of Art. 177 with (2) of Art. 179, we have 



A 
C" 


* ^ 

5=^; 
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which in (8) of Art 175, giyes ns 

AA' + Bff + CO' 
COB t; = , — ; 

V3h^^ + C» a/A'^ + B'^ + C"» 

which determines the angle between, the two planea* 



(8) 



Cob. 1. — ^If the planes are parallel to each other, 
cos v = 1 ; hence, clearing (3) of fractions, squaring, 
transposing and uniting (see Art 175, Cor. 1), it becomes 

(Aff - A'Bf + {BO' - B'Cy + (CA' - CA^ = 0; 

an equation which can be satisfied only when each term is 
equal to 0, giving us 

AB' = A'B; BC'=:B*C; CA' = C'A; 

A_A[ :?_:»' A ^ 4!. 

^^ B^ B'' CC' CC' 



That is, if the planes are parallel to each other, the coeffi- 
cients Ay By C, are proportional to A'y B', 0\ 

Cob. 2. — If the planes are perpendicular to each other, 
cos t^ = 0, and (3) becomes 

AA! + BB + CC = 0, 

which is the equation of condition that makes two planes 
perpendicular to each other. 

Cob. 3. — If we suppofe the second plane to coincide with 
the co-ordinate plane ^y we have ;!; = in (2), and 
it becomes 

A'x + By = 0, 

(since 2> also = 0, Art. 178^ Cor.) And since this is true 
for every value of x and y, we shall have 
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Therefore, denoting the angle between the plane (1) and 
the co-ordinate plane xy by v', we have from (3) 

C 



cos V = 



V^^ + ^ H- (7» 



Galling t;" and v'" the angles which the plane (1) makes 
with the planes zx and yzy we obtain 



cos v" = 



cos v'" = 



^ 



ScH. — a; = 0, y = 0, « = 0, are the equations of the 
co-ordinate planes y%y tx, xy^ respectively. 

184. To find the angle between the plane Ax + Sy 
+ Cz + Z> = and the line x = az-\-a, y = b»+p. 

The angle between the line and the plane is the 
complement of the angle between the line and the perpen- 
dicular on the plane. 

Let the equations of the perpendicular be 

x=a'z + a'; y. = b'z -f /3'. (1) 

(8) of Art. 175 gives the value of the cosine of the angle 
between the line and the perpendicular; therefore, the 
value of the sine of the required angle between the line 
and plane is 

aa' + hh' + l 

Since the line (1) is perpendicular to the plane, we have 

t -A. ^f jB 
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which in (2) gives us, calling the r^uired angle »', 

sin V z=i — — — ■_! = . (3) 

^/d^ + 1^ + 1 V J2 + ^ + (78 ^ ^ 

Cor. 1. — If the line is parallel to the plane, we haye 

Aa + ^J + C^ = 0- (4) 

Gob. 2. — ^If the line is perpendicular to the plane, 
we have 

sin t?' = 1 ; 

hence, clearing (4) of fractions, squaring, transposing, and 
^uniting, we have 

{aC - Af + {bO - By + {aB - bA^ tzz 0, 

an equation which can be satisfied only when each term 
= 0, giving us 

aC = A, bC= B, aB = bA; 

in which we see that the third term follows directly from 
the other two. Hence, 

a = ^, and * = ^* 

are the conditions that the lines shall be perpendicular to 
the plane, which are the same as we get by comparing (6) 
of Art. 177 with (2) of Art. 179. 

BX AM PLES. 

1. Find the equations of the tracer of the plane 
i2; + 22; + 3^ = 6, on each of the co-ordinate planes, and 
also the intercepts on each of the co-ordinate axes. 

Ans. 2a; + 3y = 6, « + 2ir =± 6, 2; + 3y = 6 ; a = 3, 
ft = 2, c t= 6. 



t 
^ 
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2. Find the z of the point in the same plane^ whose 
projection on xy is (3, 4). Ans. z = — 12. 

3. Find the equation of a line passing through the 
point (— 2, 3, 5) and perpendicular to the plane 

2a; + 8y — 2 — 4 = 0. 

Ans. X = -- 2z + S; y = — 8« + 43. 

4. Find the equation of a plane that shall pass through 
ihe points (1, — 2, 2), (0, 4, — 5) and (— 2, 1, 0). 

A71S. 9x + Idy + 16z — 1 = 0. 

5. Find the line of intersection of the two planes 

3aj -I- 8y — 10« + 6 = 0; 
4a; — 8y H- z + 1 = 0. 
Ans. Hx-^^z + 7 =0; 66y — 43« + 21 = 0. 

[The co-ordinates of the line of intersection of two planes 
will satisfy, at the same time, the equations of both planes ; 
therefore, combining these two equations and eliminating 
p, we obtain the equation of the projection, on the plane 
xz, of the intersection of the two planes. 

In the same manner, by eliminating x we find the 
equation of the projection of the intersection on the 
plane yz. 

This method may also be applied for determining the 
intersection of any two surfaces whatever, or of any line 
with any surface.] " 

6. Find the line of intersection of the two planes 

z + 2x — y = Sy 

z + X + 2y = 6. -) 

Ans, X z= ^^z + ^; y = — 1« + |. 

7. Find the angle between the plaiies 

oa; — 7y + 32; + 1 = 0; 
2a; + y — 3« =0. 



Ans. 79° 52'. 



12 
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8. Find the distance from the point (2^ — 3^ 0) to the 

plane 

ij_8x — 9y — 2 = 0. (Art 182.) 

Am. —.75. 

9. Find the anglie which the plane 

5a; — 7y + 3« + 1 = 0, 

makes with each of the co-ordinate planes. (Art 183, Cor. 3.) 
Am. W 46' with a?y ; 140^ 12- with zx\ W 43' with yz. 

10. In Kg. Ill, caning OM, ON, Mid OB, a, *, and c, 
respectiyely, find the equation . of the plane passing 

through Ay B, C. Am. ? + | + - = 2. 

[The co-ordinates of the three points must satisfy (1) of 
Art 179, giving us three equations from which to find the 
values of A, B, O; substituting these values of A, B, C, in 
(1), and dividing by D, we have the equation required.] 



11. In the same Fig. find the equations of the plane 

a b c 



passing through P, M, N. Am. - + j- = 1. 



12. Find the equation of the plane passing through P, 0, 
M ; also the equation of the plane passing through P, 0, N. 

Ans. f = - ; and - =i -• 
be a c 

13. Find the length of the perpendicular from the origin 
on the plane in Ex. 10. 

Am. - — ■ ^^^^ ^. (See Art 182.) 

14. Find the length of the perpendicular from R on the 
plane in Ex. 11. "itahc 



y/cm -\^ V^& Jr ^a^ 
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15. Find the angle between the planes in Ex. 12. 

3 



Ans. 008""^ 



'^^^+'^\/\, + l+l 



16. Find the condition that the right line a; = aa; + a, 
y = bz + Pj shall lie wholly in the plane 

Ans. Aa + Bb + C = Aa + BP + D = 0. 

17. Prove that the sum of the squares of the cosines of 
the three angles which a plane makes with the. three co- 
ordinate planes is equal to unity; also prove that the cosine 
of the angle between two planes is equal to the sum of the 
products of the cosines of the angles which the planes make 
with the co-ordinat« planes. 



CHAPTER IV. 

SURFACES OF REVOLUTION. 

185. A SmfBice of Revelation ifi a soifiuse that can- 
be generated by revolving any line about a fixed right line. 
The revolving line is called the Generator^ and the fixed 
line aronnd which it revolves is called the Axis. A section 
of the surface made by a plane passing through the axi^ is 
called a Meridian Section^ and the plane a Meridian 
Plane. 

From the definition it follows that every point in the 
generator describes the circumference of a circle whose cen- 
tre is in the axis ; hence tlie surface may be generated by 
revolving any meridian section about the axis. 

186. To find the general equation of a surface of 
revolution. 

Let AB be any curve in the co- 
ordinate plane xz, and let it be 
revolved about the axis of z. Let 
(Xy z) be any point P in the gener- 
ator, and let (r, z) be the same 
point P in any position of the y/^ Fig.ll6t 
generator in its revolution about 
the axis of z^ rz being any plane 
through the axis of z perpendicular to the plane xy. Then 
the equation of the generator may be written in the form 

r = f(z), (1) 

which is read, r equals a function ofz; that is, r equals an 
expression that involves z. 

Now, from the nature of the surface, any point P of the 
generator must describe a circle whose centre is in the axis 
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of Zy and whose plane is perpendicular to this axis, that is, 
parallel to the plane xy ; therefore we *nmst have, in every 
position of the point P, 

{r2 + y8 = r«. (2) 

Now, for any one value of r, we shall have one value of 
^ from (1), and this value of z, with the 4orresponding 
values of x and y, are the co-ordinates of every point of one 
horizontal circle of the surface. Hence, if we suppose r to 
have every value that it can have and satisfy (1), the cor- 
responding values of z with those of x and y, will be the 
co-ordinates of every poinfc of every horizontal circle, that is, 
of every point of the surface. Therefore, combining (1) and 
(2), we have 

^■¥f = W, (3) 

which is the equation required. 

187. To find the equation of a right circular cone, 

A Right Cone is a surface that may be generated by 
revolving a right line about another right line which it 
intersects. The point of intersection is called the Vertex 
of the cone. If the axis is perpendicular to the base, the 
cone is called a Right Circular Cone ; the different posi- 
tions of the generator are called Elements of the Cone. 

Let the axis of the cone be the axis of «, and its base the 

plane o-y. Then the co-ordinates of the vertex are x* = 0, 

y' =iO, z' =: c. By Art. 25, the equation of the generator 

in the plane xziB 

X =z a{z — c). 

Hence, Art. 186, 

r = /(^) = a{z-^c), 
which in (3) of Art. 186 gives 

x^ + f = a^{z — cY, (1) 

where a is the tangent of the angle which the generator 
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makes with the ctxis of the cone. If we let = the incli- 
nation of the generator to the hcise of the cone, we have 
a = cot ^, which in (1) gives 

(ic« + f) tan2 = (« - cy, (2) 

which is the equation required. 

Cob. — If the vertex be placed at the origin of co-ordi- 
nates^ c=^Oy and (1) becomes 

0^ + ^ = ah?. (3) 

188. To find the equation of the right circular 
cylinder^ 



A Right Circtilar Cylinder is a surface that may be 
generated by revolving a right line about another right line 
parallel to itself. 

Let the axis of the cylinder be the axis of z, and its base 

the plane ary, and let a be the distance of the generator 

from the axis. The equation of the generator in the plane 

xz is (Art 25) 

X =: a. 

Hence, Art. 186, r = f{z) =z a, 
which in (3) of Art. 186 gives 

xi + f = a^ 
which is the required equation. 

189. To find the equation of the sphere. 

- A Sphere is a surface that may be generated by revolving 
a circle about one of its diameters. 

Let the plane of the generating circle begin in the plane 
xz,2Lii^ let the axis of revolution be the axis of z. The 
equation of the generator in the plane xz is 

x^ + ^ =z IP'y 
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and in any other position of its revolution, the equation is 

f* + ^z=: S? (Art. 186), 
or r3 = ^ — ««,. 

which in (3) of Ari 186 gives 

iK» + y2 = ^ — 2?, 

or a!« + y» + «* = ^, (1) 

which is the equation required. 

190. To find the equation of a paraibdoid of revo- 
lution. 

A Paraboloid of Revolation is a surfiace that may he 
generated hy revolving a parabola about its axis. 

Let the plane of the generating parabola begin in the 
plane xz^ aud let the axis of the parabola be the axis of z. 
The equation of the generator in the plane xz is 

a^ = ^pzy 
and in any other position of its revolution the equation is 

7^ = 2pZy 
which in (3) of Art. 186 gives 

a? + f-%pz, (1) 

which is the equation required, 

CoR.— Make « = a constant = q, and (1) becomes 

which is the equation of a circle whose radius is V%pq. 
Therefore, all sections of the paraboloid of revolution paral- 
lel to the plane xy are circles, real or imaginary, according 
as /> and g have like or unlike signs. 
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If a; = m, (1) becomes 

f = ^pz — m?\ (2) 

and if y = n, (1) becomes 

a? = 2p« — n\ (3) 

which are equations of parabolas. Therefore, all sections 
parallel ix) the planes yz and xz are parabolas. 

191. An Ellipsoid of Revoliition is a surface that may 
be generated by revolving an ellipse about one of its axes ; 
if the ellipse revolves about its major axis, the surface gen- 
erated is called a Prolate Spheroid ; if it revolves about 
its minor axis, the surface is called an Oblate Sjdieroid. 

192. To find the equation of a prolate spheroid,* 

Let the plane of the generating ellipse begin in the plane 
xzy and let the major axis be the axis of z. The equation of 
the generator in the plane xz is 

dh^ + J2;2« = aW; 

* The equation of any ellipeoid may be fonnd as follows: 

Let Ax* + By* ^^Cz* = D (1) 

be an eqnation of the second degroe between three variables^ containing only Uie 
squares of the yariables and the abeolate term, and let A^ B^ d, and Z> all be 
positive. 
If a; = m, y = fi, and = g successively, (1) becomes in saccessioUf 

J?y* + Cfe' = 2> — Am\ (S) 

Ax* + Cz* =:D — Bn\ (8) 

Ax* +By* = J>—Cq*j (4) 

which are eqnations of ellipses, real or imaginary, according as the second members 
are positive or negative ; that is, (2) is a real ellipse if 





'"<=*^j/i' 


(8) is a real ellipse if 


'*<±j/l' 


and (4) is a real ellipse if 


«<±|/?' 
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and in any other position of its revolution the equation is 



or i^ = 



«2 



i»=--±-|/ 






i9 

(7), (3), and (4) are equations of pointo. Therefore aB sections f>r tbe flgvire repre- 
eeoted by (1), parallel to the planes xy^ yz^ tx^ are cllipt»e0, and the fij^re is limited 
by six parallel planes, 

two of them at ihG distances -*- 4/ -j -And "Ji/ J from the plane ya, 

//> Z> 

two at the distances * i/ n **^ *" 4/^ b frtni the jJaae a», 

and two at the distances + a/ ^ -and — 4/ v, f rem the plane aqr, 

and hence tlie surface is called an ettipaoid. 

. Let the intercepts of the ellipsoid oil the axes of a;, y,aud js be a, &,«, resixc- 
tiTCly. Making z and p—O, and thei-eforc x = ay (1) bccomea 

Aa^=^D; .\ A = -' 

Shnilarly, by making z and a; = 0, und a; and 9 = Q, we get 

8abstitoting these valaes In (1) and dividing by A we get 

a;' tl» «« 

wliich is ffie egwMon qf the dRpffHd rff erred to Useenlre and axes. 

If c = >, (5) becomes a»C5r'+2')+d*a;' =a'6', which is an ettipeoid of revolution 
round the axis of x. 

If c = o, (5) becomes 6' (a;' + «') + a'jr' = o»ft% ^n^ch is an elUpeold of rerolution 
round the axis of y. 

If d = a, (5) becomes c» (a;' + y») + a*z^ = fl"c', which Is an eUipeoid of revoltUion 
round the axis of z. 

It a = b = € — r^ (IV) become^; x^ +y= + a^ = r\ >• hich i^ a "fhn'e. 
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which in (3) of Art 186 gives 

^ + ^ = — ^— ' 
<wr ft2(^4 j^ yx^ + Vz^ = aWy (1) 

which is (he eqxiatiwt required. 

Cor. I. — ^If h=:9y (1) becomes a:^ + jr* + a^ = «*, whicb 
is the equation of a sphere whose radius is a^ 

Coil 2. — ^If a? = y, (1) becomes 

^ + y* = 5(«^-f^, (2) 

which is the equation of a circle whose radius = - ^/d^—qK 

Therefore all sections of the farokit© spheroid parallel to the 
plane xy are circles^ real or imaginary, acoording as (7* < or 
> a2 ; if ^ =: fla, the circle is a point. Hence, the surface 
is limited by two planes parallel to the plane xyy and at dis- 
tances from it = + cr and — a. 

JJL x=m, (1) becomes 

ay + 52^2 = fl2(52 - m2); (3) 

and if y = «, (1) becomes 

«*a;2 + i«^=:a2(J8-.n2), (4) 

which are equations of elKpses. The elUpse whose equa- 
tion is (3) is real or imaginary, according as w^ < or > J^; 
if wi2 = W, the ellipse is a poiBt. 

Similarly, (4) is real or imaginary, or a point, according 
as n^ <idf^y > ^, or = ^l Therefore, all sections of the 
prolate spheroid parallel to the planes yz and zx are ellipses ; 
and the surface is limited by four parallel planes, two of 
them at the distances + b and — b from the plane yz, and 
two of them at the same distances from the plane xz,. 
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193. To find the equation of an oblate spheroid. 

Let the plane of the generating ellipse begin in the plane 
xz^ and let the minor axis be the axis of z. The equation 6t 
the generator in the plane xz is 

and in any other position of its revolution^ the equation is 

ah^ + W^ = aWy 

or f* = p^— , 

which in (3) of Art 186 gives 

or V^(x^ + y^) + aH^ = a«J«, (1) 

which is the equation required. 

ScH. — This equation is the same as (1) of Art 192, except 
that a and i change places. Hence, by changing a to J and 
& to a in Gors. 1 and 2, Art. 192, the conclusions of that 
Art. may be applied to the oblate spheroid. 

194. An Hjrperboloid of Revolution is a surface that 
may be generated by revolving an hyperbola about one of 
its axes. If the hyperbola revolves about its transverse axis, 
the surface generated is called an Hjrperboloid of Rero- 
lution of Two Nappes; each branch of the hyperbola 
generates a separate nappe, or branch of the surface. If 
the hyperbola revolves about its conjugate axis, the surface 
generated is called an Hyperboloid of Revolution of 
One IVappe. 

195. To find^ the equation of an hyperboloid of 
revolution of two nappes. 

Changing l^ into — i^ iyi {^ of Art. 192, it becomes 
(see Art. 102, Cor. 6) 
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(fi{x^ + f)-^}^z=z - a^t^, (1) 

which is the required equation. 

Cob. — If j? = y, (1) becomes 

^ + »' = ^(?'-«»)> (2) 

which is the equation of a circle whose radius = - Vq^^a\ 

Therefore, all sections of the hyperboloid of revolution of 
two nappes, parallel to the plane xy^ are circles, real or 
imaginary, according as ^'^ > or < c? ; if g^ = a\ the cir- 
cle is a point. Hence, the surface is limited by two planes 
parallel to the plane xy^ and at distances from it = a and 
— a, no part of the surface being between the limiting 
planes. 

If a; = 7/1, (1) becomes 

a^f^m^ = - a2(J2 + m% (3) 

and if y^^riy (1) becomes 

a^a^ _ J2i88 = - a2(^ + n»), (4) 

which are equations of hyperbolas, whose transverse axes are 
all parallel to the axis of z. Therefore, all sections of the 
hyperboloid of revolution of two nappes, parallel to the 
planes yz and xz, ai*e hyperbcflas. 

196. To find the equation of an hyperboloid of 
revolution of one nappe. 

Changing J^ into — ^ in (i) of Art. 193, ik Incomes 

b^ (x^ + y^) - «V ^ aW, (1) 

which is the required equation (Art. 102, Cor. 5). 

CoR. — If z=:q, (1) becomes . 

c^ + f = ^i&> + qi), (2) 
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which is the equation of a circle whose radias == ^ y/l>^+q\ 

and this circle is real for every value of q. Therefore, p.11 
sections of the hyperboloid of revolution of one nappe, par- 
allel to the plane xy are real circles, and the surface has no 
limit in the direction of the axis of z. The smallest circle 
is that obtained by making 2; = in (1), giving us 

a^ + y^ = a\ (3) 

which is called the Circle of the Gtorge. 

It x=i m, (1) becomes 

l^f^ah^ = ^{a^^7n^); (4) 

and if y z=zn, (1) becomes 

V^ _ ah^ =:I^{a^^ w2), (5) 

which are the equations of hyperbolas whose transverse axes 
are all parallel to the axis of z, if m^ and n^ are > a^ ; but 
if m^ < a\ the hyperbola represented by (4) has its axis 
parallel to the axis of y ; and if n^ < a^, the one represented 
by (5) has its axis parallel to the axis of x. Therefore, all 
sections parallel to the planes yz and zx are hyperbolas. If 
m^ = a% (4) becomes 

y=±l^i (6) 

and if n^ = a\ (5) becomes 

35= ±1^. (7) 

Each of*tIie equations (6) and (7) represents two right 
lines intersecting at the origin. The lines in (6) are the 
asymptotes of the hyperbolas parallel to the plane yz, and 
the lines in (7) are the asymptotes of the hyperbolas parallel 
to the plane xz (Art. 114). 

ScH. — In finding the equations of the ellipsoids and 
hyperboloids of revolution, we made in each case the axis of 
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z the axis of revolntion. If we wish to find the equations 
of these surfaces when the revolution is around some other 
axis, as, for example, the axis of x, we have only to inter- 
change X and z in the above equations, and the resulting 
equation will be the required one. 



SECTIONS OF A CONE. 

197. We shall now show that if a right circular cone be 
cut by a plane, the curve of intersection will be one of the 
conic sections (see Art. 51, Eem.). 

To find the equation of the intersection of a right 
circular cone and a plane. 

Let the axis of the cone be the 
axis of z, and the base of the cone 
the plane xy ; and denote the 
angle OAC by ^ ; then the equa- 
tion of the cone [Art. 187, (2)] is 

(a« + f) tan2 (p = (z— cf. (1) 

Pass the plane YOB through 
the axis of y, intersecting the 
cone in the curve BEN. Let 
B = the angle AOB which the in- 
tersecting plane makes with the plane xy. Since the plane 
YOD is perpendicular to the plane xz, the lines OY and OD 
are perpendicular to each other; take OB and OY for the 
axes of X and y. * 

Let P be any point of the curve of intersection. Its co- 
ordinates referred to the old axes are 

X = OM, y = PD, z = DM; 

and referred to the new axes OB and OY are 

x' = OD, y' = PD. 




Fig. 117. 
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. Ill the right-angled triangle OMD, we have 

OM = OD cos Oy or X z= x cos B ; 

and DM = OD sin 0, or 2 = x sin 6\ 

and y z=i y'. 

Substituting these values of Xj y^ and z in (1), we have 

(a;' 2 cos« ^ 4- y'*) tan» ^ = {x sin 6 — ^f . 

Performing the operations indicated, transposing, and 
omitting accents, we have 

ir»(cos2 0tan2<6 — sin2^)+y2tan2 + 2ca?8in0 — c«=0. (2) 

* • 

8in»di= cos«^tan«^; 

which substituted in (3) gives 

a^ (tan«<^ — tan^^) oos^^+^Han^^-f ^cKsinO = <*, (3) 

which is the equation of the intersection of a rigid circular 
cone and a plane referred to two rectangular axes in the 
plane. 

By giving to c every value from to CO, the axis of the 
cone, and by giving to 6 every value from to 90*, (3) will 
represent in succession every section that can be cut from a 
given right circular cone by a plane. 

Cor. — Since (3) is of the second degree, every section of 
a right circular cone will belong to one of the three classes 
(Art 146, Sch.), w^hich are characterized as follows: 

h^ — 4flc = 0, the parabola, 
J2 _ 4^^ ^ 0^ the ellipse, 

1^ — ^ac > 0, the hyperbola. 

Comparing (3) with ih^t general equation of the second 
degree (Art. 141), we have 

a = (tan2 — tan^ 0) cos^ 6, 

* = 0, 

c = tan^ ^. 
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L Let ^ = ^ ; we then have <r == 0, or i* — iac =: ; 
hence the.couic section is a parabola. In this case the 
cutting plane is parallel to the side of the cone. 

1. If c = 0, the cutting plane passes through the yerfex, 
and (3) becomes y^iim^<l> = 0, or y = 0, which is the 
equation of the axis of x, showing that the limiting casei of 
the parabola is a right line (Art. 146, Cor.)» 

2. If we suppose ^ = ^ = 90° and c = oo , (3) becomes 
f/^ = constant ; showing that when the vertex of the con^ 
recedes to infinity, the parabola breaks up into two parallels. 
Therefore, one right line and two parallel right lines are 
the limiting cases of the parabola. (Art. 146, Cor.) 

II. Let ^ < ; we then have at > 0, or ^ — 4^ic < ; 
hence the conic section is an ellipse. In this case the cut- 
ting plane makes a les& angle with the base than that made 
by the side of the cone. 

1. If = 0, the cutting plane is parallel to the base of 
the cone, and (3) becomes 

a^ + y2 -- 1^ cot^ <p, 

which is the equation of a circle. 

2. If c = 0, the cutting plane passes through the vertex, 
and (3) becomes 

a? (tan2 — tan* $) cos« 6 + f tan* = 0. 

Each term, in the first member of this equation, being a 
square, is essentially positive ; and hence the equation is 
satisfied only for the values a? = 0, y = 0, which are the 
equations of the origin. 

Therefore, a circle and point are the limiting cases of the 
ellipse. (Art. 143, Cor. 2.) 

III. Let ^ > ; we then have a < 0, or ^ — 4ae? > ; 
hence, the conic section is an hyperbola. In this case the 
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cutting plane makes a greater angle with the base than that 
made by the side of the cone. 

1. JtS has such a value as that, 

(tan2 — tan» 0) cos^ 6 + tan* <^ = 0, 

we shall have 

a 4- c = 0; 

and therefore (Art. 143, Cor. 3), the section is an equilateral 
hyperbola, 

2. It c = 0, the cutting plane passes through the vertex, 
and (3) becomes 

a^ (tan* 6 — tan* ([>) cos* 6 — y^ tan* <t> = 0.; 
X cos 6 'v/tan'* 6 — tan* 



or y = 



tan <f} 



which is the equation of two right lines intersecting at the 
origin. 

Therefore, the equilateral hyperbola and two intersecting 
right lines, are the limiting cases of the hyperbola. 
(Art. 143, Cor. 3.) 

Thus, we have shown that if a right circular cone be cut 
by a plane, the curve of intersection is a parabola, an 
ellipse, an hyperbola, a circle, one right line, two right 
lines, or a, point. (See Art. 51, Remai-k.) The imaginary 
varieties cannot be obtained by any geometric process, since 
they have no geometric meaning. (See Art. 45.) 

198. To find the equation of a plane tangent to an 
ellipsoid at a given point, 

A plane is tangent to a surface when it has at least one 
point in common with it, through which if any number of 
planes be drawn, the sections made in the plane will be 
tangent to the sections made in the surface. 
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I^t (2?'^ y'y «0 be any given point on the ellipsoid, 

^+g+^ = i- (1) 

Since (x\ y\ z') is on the ellipsoid, it will satisfy (1) ; 
therefore we have 

o.'2 «/'2 g'2 

^ + •^-+'^ = 1. (2) 

Subtracting (2) from (1) and factoring, we have 
^,(a;-a:')(a=+x') + ^(2^-y')(y+y') + ^(2-O(^ + ^')=0;(3) 

which is the equation of the ellipsoid with the condition 
introduced that the point {x', y', z') shall be on the surface. 
The equations of a right line passing through {x'y y\ z) 
are (Art. 173) 

a; ~ ;r' = a' (s - s') ; y ~ y' =1 V (z - z'). (4) 

Substituting these values of a; — x' and y — y' in (3), it 
becomes 

''-{z-z'){x+x) + *^(z-z'){y+y') +l(z-z'){z^z!)=Q ; (5) 

which shows the relation between the co-ordinates x, y, z, 
of every point common to the surface (3) and the line (4,. 
(See Art. 184, Ex. 5.) Because (5) is of the second degree, 
there are tivo points common to the line and surface. 
Solving (5) we get 

« — z' = ; (6) 

and ^^{x + X') + ^(y + y') + ^iz + «') = 0. (7) 
Combining (4) and (6), we get 

x^x', y = y'\ z^^\ 
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which are the co-ordinates of the given point, while the 
X, yy Zy in (7) are the co-ordinates of the second pmnt com- 
mon to the hne and surface. 

If we pass a plane through this line, it will cut from the 
surface a line which will contain both the given point and 
the second point. If the second point be moved along this 
line till it becomes consecutive with the given point, the 
right line will become tangent to the line cut from the 
surface, at the given point, and Xy y, 2, will become x, y'y 
2', which in (7) give 

j;-' + |s^'+J = 0; (8) 

which is the equation of condition that makes (4) tangent 
to a line of the surface at the given point. 

Substituting in (8) the values of a! and b' found in (4), 
and clearing of fractions, we have 

Now, for one set of values of a' and V in (4) that will 
satisfy (8), a?, y, 2, in (9) are the co-ordinates of every point 
of the tangent to one line of the surface, at the given point. 
Therefore, for every set of values of ci and b' in (4) that 
will satisfy (8), x, y, 2, in (9) are the co-ordinates of every 
point of the tangent to every line of the surface, at the 
given point ; that is, they are the co-ordinates of the plane 
tangent to the surface at the given point. Hence, (9) 
is the equation of the tangent plane at the point 

Performing the operations indicated in (9) and trans- 
posing, wc have 

^^ yy^ ^ _^ ,fj^,^ 
«2 + ^ + c^- - ^2 + > + ^- 
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Substitutiiig from {^), we haye 

which is the equation required. 

It c =: b, (10) becomes 

(^ iyy' + zz!) + Vhxx! = a^J*; 

which is the tangent plane to the ellipsoid of revolution 
rotmd the axis of x. 

If e: = a, (10) becomes 

J3 (xx^ + zz') + a^yy' = a^J^; 

which IS the tangent plane to the ellipsoid of revolution 
round the axis of y. 

If a := b =z c =1 r, (10) becomes 

xx' -\- yy -{- zz = r^; 
which is the tangent plane to the sphere. 

EXAMPLES. 

1. Find the equation of the cone generated by revolving 
about the axis of z, the line whose equation in the plane xz 
is 4a; = 3z + 2 (Art. 187), and find the vei-tex of the cone. 

Ans. 16a^^+16y«— 928— 122 -- 4. vertex is at (0, 0, — |). 

2. Find the equation of the cone genei-ated by revolving 
about the axis of z the line whose equation in the plane yz 
is 2y 4- 2 = 6, and find the vertex of the cone. 

Ans, a^ + y^— T +32 = 9; vertex at (0, 0, 6). 

3. Find the equation of a right circular cone, the equa- 
tion of the base being a^ -f- f/^ == 9, and the altitude being 5. 

Ans. mx^ -f 25^2 — 928 4. 90z = 226. 
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4. Find the equation of the paraboloid of revolution 
generated by revolving the parabola 2a;* = bz, about the 
axis of z. (Art. 190.) Ans, a^ + y^ z= Jz. 

5. Find the equation of the paraboloid of revolution 
generated by revolving the parabola y* = — 3ar, about the 
axis of X. (Art. 196, Sch.) Ans. y* -f z* + 82; = 0. 

. [How is this paraboloid situated relative to the co- 
ordinate axes ?] 

6. Find the equations of the spheroids generated by the 
ellipse 4iB» + z* = 4. (Arts. 192, 193.) 

j The prolate, j^ + ^y^ + s^ == 4. 
/*'**• (The oblate, Aa^ + y« + z* = 4. 

7. Find the equations of the hyperboloids generated by 
the hyperbola 9z^ — 4aJ8 = — 36. (Artff. 195, 196.) 

(Of two nappes, 9y2 + 9z^ — 4a!8 + 36 =: 0, 
• ( Of one nappe, 4a« + 4/ — 9^ —.36 = 0. 

8. Find the equations of the spheroids generated by the 
ellipse 16 f -f 9x^ = 144. (Art. 196, Sch.) 

( The prolate, 9.t« -f 16^* + 16z^ = 144, 
\ The oblate, 9x^ + Wy^ + 9z^ = 144. 

9. Find the equations of the hyperboloids generated by 
the hyperbola 9y^ — a^= —9. (Art. 196, Sch.) 

{ Of two nappes, 9y^ + 9^ — a^ + 9 = 0, 
I Of one nappe, a« - 9y2 + «2 _ 9 — 0. 

10. Find the equation of the surface generated by revolv- 
ing the hyperbola 2y^ = x about the axis of y. 

Atis. a:8--4y* + z2 = o. 

11. Find the equations of the surfaces generated by 
revolving y* = - and y* = 2a^ about the axis of y. 

X 

^»..^^-^ + ^ = «' 

a;8 — iy» -f z* = 0. 
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12. Pmd the eccentricity of the ellipse formed by the 
intersection of the ellipsoid 2a;« + Sy* + 4^8 = 1 and the 
plane jp = i- (Art 184, Ex. 5.) j^^g^ g ::^ y^^. 

13. Intersect the cone in Ex. 3 by a plane passing through 
the axis of y and making an angle of 45° with the base, and 
find the equation of the curve of intersection in its own 
plane (Art. 197) ; also find the axes of the curve of inter- 
section (Art. 143, Cor. 2), and its eccentricity. 

Sx^ + 2of + 45A/2a: = 225; 



Ans. ^ 



75 , 15 
axes are -^ — = and -7- ; 

8V2 4 



, eccentricity = ^\/l7. 

14. Find the equations of the intersection of the sphere 

x^ -{- f + ^ = 16 
and the ellipsoid of revolution 

25 {a? -f y^) + 928 = 225, 
their centres being coincident. 

Ans. a^ + y^=i^ and 5; = ± J\/7. 

15. Find the length of the perpendicular from the origin 
to the plane tangent to the ellipsoid at the point {x\ y', z'). 

. 1 

Ans. p = 



V «* ^ ^ ^ c* 

[This easily follows from Art 182, Cor.] 

16. Find the length of the perpendicular from the origin 
to the plane tangent to the ellipsoid in Ex. 12 at the point 

17. Find a point on an ellipsoid such that the tangent 
plane cuts ofi^ equal intercepts from the axes. Also find a 
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point such that the intercepts cut off by the tangent plane 
are proportional to the axes. 

1 



Ans. 



First, - = ^ = - = —=^ 

a^ J^ (^ V^a2 + ^ + c»' 

x' t/' z' 1 
Second, - = f- = - = —-' 
a c ^^ 



18. Find the equation of the normal line to a tangent 
plane to the ellipsoid at the point of contact. (See Art 184, 
Cor. 2.) 



Ans. 



a 



2 



(^ 



- {X ^X) z= -j{z — Z'). 



^ 



